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Foreword

To perform their missions, manned and unmanned underwater vehicles require external pressure
housings that provide the payload inside the housings with an environment of one atmosphere. In
unmanned vehicles, like Remotely Operated Vehicles (ROVs) and Autonomous Underwater Vehicles
(AUVs), the payload generally consists of electronic or electrical equipment that radiates significant
amounts of heat. This heat must be transferred through the housing walls to the seawater in which the
housing is immersed.

Some equipment, like propulsion units that use chemical energy to generate power by turbines or
reciprocating engines, require water-cooled heat exchangers, since air convection alone to the housing
wall is inadequate for handling the added heat output. In such cases. weight and fabrication savinps
can be acnieved by incorporating the water-cooled heat exchanger into the housing shell, if it is fabri-
cated from material tolerant to high temperatures and if it can transfer high heat.

Many other pieces of equipment could be integrated into the pressure housing structure to save
weight and conserve usable space inside the pressure housing envelope. Examples of such equipment
are hydraulic accumulators, ballast tanks, fuel tanks, and compressed-gas storage vessels. The extent
to which this can be accomplished depends on (1) the material and design chosen for constructing the
pressure housing and (2) the imagination of the designer.

Plastic matrix composites do not lend themselves to construction of multifunction pressure hous-
ings, because of their poor heat-transfer capability and their inability to tolerate high temperatures
without significantly degrading structural properties. Conversely, metals, ceramics, and ceramic com-
posites are well suited for this purpose, because they can transfer high heat and tolerate high tempera-
tures. Metals, in particular, are well suited for multifunction pressure housings, since, in addition to
their good heat-transfer capabilities and high-temperature tolerances, they possess high-tensile strength,
toughness, and the ability to be joined by welding or brazing. The only drawback metals have is low
specific compressive strength, which limits their practical application to pressure housings with opera-
tional depths less than 20,000 feet.

Of the many external pressure housing types that have evolved, the sandwich wall housing, sup-
ported by annular ring stiffeners, is optimally suited for incorporating the following equipment: integral
heat exchangers, hydraulic accumulators, gas or fuel storage tanks, and hard-ballast tanks. This type
of sandwich shell construction has been named cellular sandwich to distinguish it from honeycomb
and foam sandwich constructions. The cellular type of sandwich shell design was conceived in 1961 by
Dr. Stachiw at the Pennsylvania State University Ordnance Research Laboratory. The analytical foun-
dations for understanding the structural performance of the design were developed jointly with Dr. J.
G. Pulos of David Taylor Model Basin and Dr. G. Oppel and Mr. P. K. Reddy of the Engineering
Mechanics Department at Pennsylvania State University.

The uniqueness of the cellular sandwich structure for cylinders is based on two factors: it repre-
sents not only the best design for utilizing the pressure housing shell as a heat exchanger, hydraulic
accumulator, or variable hard-ballast tank; but it also has the optimum design for maximizing the elas-
tic stability of a cylinder with a minimum weight penalty. Because of its optimized structure for exter-
nal pressure loading, properly designed cellular sandwich shells always fail due to plastic deformation
of material (i.e., yielding), rather than general elastic instability of the cylinder (i.e., buckling). Utiliz-
ing this fundamental design feature of cellular sandwich shells, weight-to-displacement curves can be



generated, based on the materials compressive strength. The curves represent the minimum weight-to-
displacement ratio that can be achieved by infinitely long cylindrical housings with cellular sandwich
walls. These curves define the lower boundary for weight-to-displacement ratios of cylindrical housings
from any given material. The upper uooer boundary is defined by curves generated on the basis of
elastic instability of infinitely long monocoque cylinders from the same material.

These curves are very useful, since they provide the designer with information about the magni-
tude of potential weight savings achievable by using cellular sandwich shells instead of monocoque cyl-
inders. For every material, there is a range of depths where the reduction in structural weight (i.e.,
increase in positive buoyancy) generated by cellular sandwich shell construction can be very signifi-
cant, offsetting the high fabrication costs associated with this design. Conversely, for every material,
there is a depth range where additional buoyancy cannot be achieved by cellular sandwich shell con-
struction. For such a depth range, the monocoque construction is not only the least expensive, but
also the most cost effective; i.e., it provides the same buoyancy as a cellular sandwich shell, but at a
much lower cost. In general, for weldable or castable corrosion-resistant aluminum alloys with com-
pressive strength less than or equal to 45,000 psi, the cellular sandwich shell construction seems to
provide significant weight savings only to about a design depth of 5,000 feet. However, by using tita-
nium or steel alloys, significant weight savings can be achieved to design depths in excess of 20,000
feet.

Since information on the design of cellular sandwich shells is not readily accessible to most design-
ers of extrnal pressure housings, the technical publications dealing with this unique design approach
have been collected and are presented in Volume VIII of the NOSC Engineering Series. The compila-
tion of technical reports in Volume VIII is unique, because it provides not only the structural ration-
ale for this design configuration of cylindrical external pressure housings, but also its experimental
validation and experimental stress analysis. Thus, this volume is a valuable resource for the engineer
faced with designing a multifunction cylindrical housing. In addition, it is a very helpful reference for
serious investigators of external pressure housing structures-or for stress analysts seeking experimental
confirmation of computer programs used in the structural modeling of cellular sandwich shell
cylinders.

J. D. Stachiw
Marine Materials Office
Ocean Engineering
Division
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Abstract

THE DESIGN criteria for underwater shells
are discussed, and the basic shell designs are
evaluated on the basis of these criteria. n-
ternally pressurized shells and shell-pressuri-
zation methods are also discussed.

At present, the sandwich-shell design offers
the highest pressure-to-weight ratio consistent
with the shell-design criteria. The honeycomb
or microballoon fiber glass sandwich shells
could be best used in the lower pressure ranges
and cellular sandwich shells, for a large band
of intermediate pressure rangus; the cellular
or solid sandwich shells would be better used at
the high pressure ranges.

It is recommended that research be directed
toward development of higher-strength materi-
ala and improved fabrication methods. It is also
recommended that fluids of lower compressi-
bility and density be developed for shell pres-
murization.
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Shells for Underwater Vehicles

tALL UNDERWATER vehicles require a shell diminish; therefore, it is postulated that shell

structure primarily to prevent flooding of the weight must be kept to an absolute minimum

vehicle cavity and to provide a skeleton on compatible with the other criteria.
which the functional components are mounted.

It also may provide the vehicle with a hydro-
dynamic shape. The basic shells for many under- RESISTANCE TO COLLAPSE
water vehicles are the cylindrical ring-stiffened
shell (Fig. 1) and the cylindrical sandwich shell There are only three methods (discussed

(Fig. 2). The ring-stiffened shell consists of a below) for providing the shell with sufficient

smooth cylinder stiffened with rings; the sand- strength and stability to operate under external

wich shell consists of concentric cylinders sepa- hydrostatic pressure. Two of the methods have

rated by a spacer. There are several variations been used extensively; a third may find use in

of the sandwich-shell design and each has its the future.
advantages, depending on the operating require- (1) The hydrostatic pressure acting on the

ments of the shell. Despite the complexity of outside of the shell must be counteracted by the

modern underwater vehicles, the basic criteria compressive strength of shell material. Tofully

for shell design continue to be the same. utilize the strength of the shell material, the
shell must be built so that it will not fail be-

cause of elastic instability - a lower-energy-

Design Criteria level failure.
(2) The external pressure can be neutralized

There are four basic criteria that must be by pressurizing the vessel cavity with gases or

considered in the design of a successful shell. liquids so that the pressurized fluids, instead

Listed in the order of their importance, they are: of the shell structure, carry the external load.

1. resistance to collapse under external pres- (3) The advantages of (1) and (2) can be ju-

sure; diciously combined, resulting in asuperior shell

2. rigidity of shell structure for mounting of design.

propulsor and guidance components; Resistance to collapse can be improved by de-

3. resistance to corrosion; and signing a shell structure for external pressure

4. fulfillment of all the above requirements having a spherical or double-curvature shape.

with the least weight and the most internal However, many considerations preclude the use

apace, of a more implosion-resistant shape (such as

A shell should fulfill all these requirements. In the sphere) even though the strength of a spheri-

addition, the shell may contribute to the reduc- cal shell is considerably higher than that of a

tion of drag forces and may provide some acous- cylindrical shell of equal wall thickness. A

tic damping by using proper fabrication and spherical shell can be given a streamlined shape

design techniques. So far, no shell design satis- by means of fairings; but, when the weight of

fying all the basic requirements in one design the fairing is included in the over-all vessel

has been found. As long as the fourth criterion weight, the pressure-to-weight ratio of the es-

is important. every shell design represents, at sel could equal or exceed that of a cylindrical

best, only a clever compromise, vessel. It is possible to retain some of the im-

Continuous demands for increased payload and plosion resistance of a sphere by means of a

increased speed will require that underwater double-curvature pressure vessel. The strength

vehicles shall continue to be weight-limited. advantages of double-curvature vessels de-

There is no likelihood that this requirement wil crease rapidly with an increase In length-to-



SMOOTH CYINDER STIFFENING RINGS

ALL WALL CROSS SECTIONS HWE THE
SAME AREA AND DEPTH BUT DIFFER IN RIGIDITY

STIFFENERS FOR SHELLS

Fig. 1 - Cylindrical Ring-Stiffened Shell

diameter (L/D) ratio of the vessel, but some be excessively high. It may even be possible to

slight strength increase is present even in mount such sensitive guidance system compo-
elliptical shells with an L/D ratio of 6. In any nents as gyro platforms and yet not experience

event these noncylindrical shapes are a special enough deflection to substantially affect the
case to be used when the many considerations course stability of the vehicle.
allow the necessary compromises. As the rigidity of the shell decreases, the

shell deflections become greater, and a com-
pletely different -,approach to the mounting of

SHELL RIGIDITY internal vehicle components must be devised.
Elastic mountings must be provided to absorb

The rigidity of an underwater vehicle is of the shell deflections rather than transmit them
great importance in the mounting of propulsor as a high compressive load to the internally
and guidance components inside the vehicle, mounted components.
When the shell is very rigid (less thanO.010-in. Although the internal mounting problem may
radial deflection under maximum operational be solved by the use of proper mounting, further
pressure), most of the Internal vehicle compo- problems could arise since the perfect cylin-
nents can be rigidly mounted to the vehicle shell. drical shell assumes a different shape under
',ince the deflection is so minute, stresses in- high hydrostatic pressure. Because of uneven-
. iced in the equipment snd structures secured nesn in contraction the cylinder may become

directly to the inside surface are not likely to elliptical in cross section and have local un-

2



OUTER SHELL

AXIAL STIFFENER

AXIALLY STIFFENED SHELL

OREANNULAR STIFFENER

INNER SHELL

CELLULAR SHELL
OR

CIRCUMFERENTIALLY STIFFENED SHELL

Fig. 2 - Cylindrical Sandwich Shells

evenness in the external shell surface, the in- The formation of local flat spots and local

side and outside diameters varying from point changes of outside diameter under external

to point along the length of the vessel, pressure can be minimized if the rigidity of the
The varying outside diameter is produced by shell is kept constant along the entire length of

the uneven rigidity of the shell. The shell-sectton the vessel This can be accomplished by elimi-

joints, bulkheads, and hand-hole openings act nation of bulkheads, stiff shell joints, and hand-
like local stiffeners, increasing the rigidity of hole openings and covers. Considerable thought

the shell. Since radial shell deflections are di- has been devoted to this subject, but not much

rectly proportional to the rigidity of the shell, has been done about it. However, as underwater

it follows that the deflections at stiffened shell- vehicles descend to greater depths and attain

surface points will be less than those at points greater speeds, the principles of uniform shell

that do not have stiffeners. Because of the dif- rigidity will become a prerequisite for success-

ference in radial deflections at various points ful shell design. Very rigid shells will need
on the shell, the originally smooth vehicle en- some internal pressurization to be successful

velope develops a dimpled "toothpaste-tube" under the weight limitation necessary. Unless

appearance. It is felt that this occurrence is some persuasive arguments are found forpres-

undesirable for vehicles where hydrodynamic surization. the problems created by large shell
flow over the surface is critical. deflections must be alleviated by uniformly rigid

3



shells and by elastic mounting of components The use of paint or other protective finishes
inside the shell. is highly recommended, but it cannot be sub-

stituted for the corrosion-resistant properties
of the material itself; protective finishes are

RESISTANCE TO CORROSION often scratched in launching or handling.

Sea-water corrosion tends to decrease the
compressive strength of underwater vehicle WEIGHT AND SPACE LIMITATIONS
shells in proportion to the length of time they
are exposed to the salt water. The term corro- All the requirements for a successful shell
sion, as used in this report, means the decrease could be fulfilled easily if it were not for weight
of the compressive strength of the material - .and space limitations. The utopian dreams of

not just the discoloration of its surface. This the design engineer cannot be satisfied because
distinction is important, for there are many underwater vehicles must meet maximum den-

materials that lose varying amounts of their sity requirements and provide sufficient inter-
strength without any detectable sign of surface nal space for fuel, propulsor machinery, and
corrosion. Conversely, some materials suffer guidance equipment. Since weight and space are

surface damage, but their over-all strength primary shell requirements that must be satis-
diminishes very little, the corrosion being fied at the expense of other shell requirements,
limited to only the surface layer of the material, the achievement of a well designed shell be-

At this point, it may be helpful to classify comes mostly a matter of judicious compromise
all underwater vehicles arbitrarily according to between all the shell parameters.
their length of continuous submergence:

1. momentary immersion - 1 hr or less;
2. temporary immersion - 1 to 1000 hr; and Modes of Shell Failure
3. permanent immersion - 1000 hr or more.
It is difficult to find a structural material The collapse resistance of any shell depends

whose mechanical properties will not change at basically on two parameters: the compressive
all under the corrosive action of salt water. It strength of the material, and the elastic stability
is often more practical to use a material that of the structure. The compressive strength of
will lose only a specified amount of tensile and the vessel is maintained by sufficient facing
compressive strength when exposed to sea water and ring cross sections; the elastic stability
for a given period of time. depends on the moments of inertia of the facings

An arbitrary material-corrosiveness scale is and the stiffener rings. The collapse may be
listed below. The corrosion resistance is based general or local, but both are disastrous to the
on the decrease of tensile strength In al/16-in. structural integrity of the vessel
sheet-metal sample subjected to tidewater ex- The difference between a local and a general
posure for one year: failure is primarily one of degree. General

1. for corrosion-resistant materials. tensile- collapse is caused by the failure of the whole
strength decrease 11 per cent or less; shell structure between bulkheads. It may be

2. for corrosion-retardant materials, ten- initiated by the failure of only one structural
sue-strength decrease 11 to 45 per cent; component, but the end result is a mass of

3. for corrosion-prone materials, tensile- twisted wreckage. Local failure is not as se-
strength decrease 45 to 90 per cent; and vere; the shell retains its cylindrical outline.

4. for reactive materials, tensile-straength General collapse occurs when both the shell
decrease 00 to 100 per cent. facings and the ring stiffeners collapse simul-

Only corrosion-resistant materials are rec- taneously because of Insufficient compressive
ommended for permanent immersion; those strength or elastic stability. Since the facings
that are either corrosion-resistant or corro- and the ring stiffeners form a unique structure,
sion-retardant are recommended for temporary the stability of the structure is not the sum of
immersion. Materials that are either corrosion- the stabilities of its compnmnt but is the re-
resistant, corrosion-retardant, or corrosion- sult of Interaction between each shell component.
prone are recommended for mom entary immer- For each diameter, external pressure, and
sion. Reactive materials should not be used for bulkhead spacing, there exists an optimum
momentary Immersion unless a severe shortage combination of facing thicknesses, ring size.
of other materials exists, and ring spacing. This combination represents

4
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a shell that weighs less than any other shell shell design. The compressive strength of a
made of the same material, long shell, when plotted against external pres-

sure, can be used to illustrate the maximum

buoyancy of the vessel for any given design
Selection of Parameters pressure. Since the bulkheads of a long shell
for High-Pressure Shells do not influence the collapse pressure of the

shell between bulkheads, the designer can de-
Obtaining the optimum parameters involves termine easily the lightest shell that will survive

a long process in which each parameter is failure by compressive yielding. If close bulk-
varied while the others are held constant. (It head spacing is a part of a given shell design,
is preferable to have these calculations per- then the bulkhead weight must be included in the
formed by a computer.) Nevertheless some shell weight to put the shell comparison on a
simplified generalizations can be made. sound basis.

(1) The facings must be thick enough to carry The compressive strength of the material
compressive circumferential stresses and re- provides the lower weight limit of the shell;
sultant longitudinal stresses between the rings, that is, the lowest shell weight that will survive

(2) The spacing between the rings must stiffen failure by compressive yielding. The elastic
the facings sufficiently to avoid buckling be- stability of a long smooth tube provides the
tween stiffeners. upper weight limit of the shell. This upper limit

(3) The ring stiffeners must possess a suffi- is based on the premise that no shell design
cient moment of inertia to supplement the elastic need be heavier than a long smooth shell, which
stability of the facings between the stiffeners. possesses less elastic stability than any ring-

(4) The elastic stability of the facings and of stiffened or sandwich shell of the same diame-
the stiffeners must be achieved with a minimum ter, weight, and pressure rating.
of material. The strength-of-materials equation describ-

To achieve high elastic stability with a mini- ing the lower weight limit of shells, whenplotted
mum of material, designers have employed on linear graph paper, is almost a straight line.
various stiffener shapes, some of which are The expression for the elastic stability of smooth
shown in Fig. 1. Since the elastic stability of tubes is a third-degree equation that, when plot-
the ring is directly proportional to its moment ted on the same coordinates as the strength-of-
of inertia, ring shapes that provide a large materials graph, takes the shape of a sharp
moment of inertia must be selected. This ex- curve intersecting the strength-qf-materials
plains the wide use of T-rings, Z-rings. and line. The area between the two curves shows
Box-rings, all of which give a higher moment the possible weight savings and potential buoy-
of inertia than a simple ring with a square or ancy gain for the shell with optimum parame-
rectangular cross section. ters. The point at which these curves intersect

In order to obtain lightweightcollapse-resist- gives the external pressure limit for the ma-
ant shells, optimum component proportions and terial - the limit beyond which no weight and,
premium materials with high strength-to-weight therefore, no buoyancy improvements over a
ratios must be selected. The selection of ma- smooth shell are possible (Fig. 3). The gain in
terials is limited to commercially available buoyancy of a shell design over the buoyancy of
materials, but any acceptable design may be a smooth tube made of the same material, having

used. The use of premium materials and opti- the same dimensions, and made for the same
mised parameters gives very attractive pres- collapse pressure, is defined here as efficiency
sure-to-weight ratios. of shell design when it is compared tothe maxi-

To clarify some of the advantages gained from mum gain possible at that pressure.
optimization of shell parameters, it is necessary
to determine theoretical limits that no shell
design, however weU optimied. can exceed. To Efficiency of Shell Designs
make the theoretical limits applicable to all
shell designs, the limits must be made general. The efficiency of a shell design can now be
Such general limits are inherent in the corn- described in terms of the two equations that
pressiw strength of the material and the elastic serve as the upper and lower boundaries of
stability of a long smooth shell, shell-design efficiency. Since no design will

The compressive strength of a material is surpass the strength-f-materials requirement
one of the limits that cannot be improved by represented by the almost straight line, it will

5
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be used as the upper buoyancy parameter (Fig. (2) Calculate and plot the strength-of-ma-
4). The smooth-tube stability curve, describing terials and elastic-stabiJfty curves for the con-
the least efficient type of shell design, will be struction material.
used as the lower buoyancy parameter. But a (3) Using the experimental collapse pressure
smooth Infinitely long tube that fails by simul- a the starting point, draw a horizontal line to
taneously buckling and yielding is given no rating intersect both the strength-of-materiss and
since it represents the intersection point be- elastic-stability curves (Fig. 4).
tween the strength-of-materials and the elastic- (4) Determine the coefficients of excess buoy-
stability curves where no gain in buoyancy is ancy (Fig. 3) for the intersection points and for
possible by better shell design. At pressures the experimental shell. Excess buoyancy is de-
larger than the cross-over-point pressure, no fined as
advantages can be found for any other shell E.B, I- " _
uesign but a smooth tube. because yielding of VA
the material is the only mode of failure por- where
sible, and thus no design efficiency rating can
be given to it. W a weight of the shell structure

Once upper and lower buoyancy parameter
curves have been plotted, it i easyto determine and
the efficiency of any sheUl design provided the
experimental data for the collapse of a long VA - weight of the sea water displaced by the
shell of this design are available. Tbe efficiency enclosed shell.
is calculated in the following manner:

(1) Experimentally determine the collapse The coefficients of excess buoyancy are then
pressure of a long hell (short-shell collapse substituted in the design efficiency formula:
data may be used if the reinforcing action of
the bulkheads or bulkhead weight in taken into Osig. effclenc / L E E 11M
consideration). rT ;~1
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where cellular shell models A and A'. calculated by
this formula, was 100 per cent:

E.B e coefficient of excess buoyancy of the
shell at the experimentally deter- 0.91-0.54
mined collapse pressure, corrected Design efficiency a 0.92- 0.54 X 100:z 100 per cent.
for the bulkhead stiffening effect;

E.Be coefficient of excess buoyancy of a The graphical representation of the strength-100 per cent efficient shell, shown on of-materials and elastic-stability equations per-

the graph by the intersection point mite comparison of the weight saving possible
between the experimental pressure with other shell designs over the smooth shell
line and the strength-of-materials in a given pressure range. Inspection of the
curve; curves shows that, for a given material, there

is a limited pressure band in which it is advan-
and tageous to use shell designs other than a smooth

tube. Not only that, it shows the relative and
E.Bi - coefficient of excess buoyancy of a 0 absolute magnitudes of the weight savings.

per cent efficient shell, shown on the he design efficiency of ring-stiffened shells
graph by the intersection point be- varies considerably as the position of the ex-
tween the experimental pressure line perimental collapse pressure of the shell varies
and the elastic-stability curve of a with respect to the position of the material's
long smooth shell, cross-over pressure. Considerable data con-

cerning the Implosion testing of ring-stiffened
For example, the design efficiency of ORL shells have been collected, but unfortunately
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most of the tests were conducted with shells concerns itself only with the over-all proper-
having short bulkhead spacing. Failure to take ties of the shell and not wih the appropriateness
into account the effect of the bulkheads, the of the shell design, the real measure of engi-
elastic stability of which contributes consider- neering achievement.
ably towards the over-all collapse resistance
of the assembly, makes most of the plotted
collapse data of dubious value for shell-effi- UTILIZATION OF INTERNAL SPACE
ciency evaluation purposes. Therefore, before
comparisons of design efficiencies are made. Ring-stiffened shells provide considerable in-
the data must be carefully checked to ensure ternal volume, but the height and close spacing
that they pertain either to long shells or to short of the ribs reduce the useful volume (Figs. 5A
shells whose bulkhead weights or reinforcing to 5C). Since increasing the rib height ncreases
action have been taken Into consideration, the elatc stability of the shell without adding

A very useful yardstick for the comparison of much weight, ring-stiffened shells are usually
shells is also the pressure-to-weight ratio: designed with high ribs. However, this severely

Pressure-to-weigm ratioa restricts the size of any package that is to be
inserted in the shell. To obtain more shell

collapse presraw X " t space, low ribs spaced at shorter intervals may
be substituted, but the net result is an increase

The pressure-to-weight ratio has been used for in the weight of the shell. Sandwich shells have
some time, and there are many references to it the possibility of providing more internal space
in the literature. This rating, in a brief expres- for the same weight and pressure because of
siou, conveys the relationship between the weight the inherently higher moment of /iertia of this
of the shell, its displacement, and its experi- sandwic~h wall structure. Although the weight of

mentally determined ability to withstand pros- any rib is directly proportional to the height of
sure. However, it does not show the contributing the rib, the moment of inertia of the rib varies
factors, such as material strength, modulus of with the cube of the height. The use of T- and
elasticity, or density, but gives the sum of all Z-shaped ribs (Fig. 1) has alleviated this prob-
these properties as aplisd to a particular shell lem somewhat, but the space limitation continues
design. Briefly, this rating of the shell design to be serious.
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Ring-Stiffened Shells

Origin of Ring-Stiffened Shells the buckling of shells between stiffeners. Von
Sanden and Gunther then developed a formula

PRESSURE vessels subjected to external for the calculation of stresses in the shell at
pressure received little attention in engineering the stiffeners and midway between them. The
circles until the late eighteen hundreds. It was size of the stiffeners and the collapse pressure
felt that the smooth cylindrical tube provided a of the shell caused by general elastic instability
cheap and yet very satisfactory type of structure were not determined then, and it took another
for vessels subjected to external pressure. The world war before these questions were answered.
construction materials, mostly cast iron or In the lull between the two world wars, previ-
steel, were of inferior quality; and relatively ously postulated theories were tested and infor-
thick-walled shells were always used for under- mation concerning ring-stiffened shells was
water vessels. The thick walls prevented stress- gradually acquired. Trilling, Windenburg. Don-
ing of the tubes to their elastic-stability limits nello and Tokugawa performed many experiments
and presented no stimulus for research and in which shells were subjected to bending, and
experimentation in this area. to compressive and implosive loading. The theo-

It was not until 1880 that Breese derived an ries postulated by Von Mises and Von Sanden
expression for the buckling of rings. In 1888 were found to predict the experimental results
Bryan developed an accurate expression for well. although they were not satisfactory in all
the elastic buckllng of infinitely long shells area. The theory of Von Mises, in particular,
subjected to uniform external pressure; and was found to accurately predict the number of
Engesser extended this formula to include ma- lobes formed during bucklin of tubes; but,
terials that do not follow Hooke's law, and to according to Batdorf, it differed significantly
include the plastic region of materials that do from experimental collaps! pressures In the
follow Hooke's law. Until the outbreak of World low-curvature region (for L /<t 1 < 00. the
War I. this simple formula satisfied the needs theoretical values are up to 50 per cent higher
of the engineering profession, than the experimental values).

World War Z saw the development of the sub- Since World War U, the collapse of ring-
marine as an instrument of war. The early sub- stiffened cylinders has become more fully under-
marines did not present structural problems stood. The general elastic instability of ring-
because they were limited to shallow dives; but, stiffened shells was explained by Kendrick, and
near the end of the war, they had obtained depths the distribution of stresses in the shell and
of 250 ft and hull collapse caused by elastic stiffeners, by Salerno end Pues. With the con-
buckling became prevalent. Although the reasons tribution of Lunchick's theory on plastic failure,
for these failures are obvious today, they were the failure of ring-stiffened cylinders, both in
unknown to early investigators, who did not the elastic- and plastic-stress regions, became
understand the complicated relationship between well understood. Ring-stiffened shells can now
frame stiffness, plating thickness. and frame be designed to withstand a given pressure with
spacing. The stock remedy for hull collapse - a minimum of weight.
that of increasing the design safety factor - A slectd bibliography of publications on
could no longer be applied because the new ring-stiffened shells is given at the end of this
submarines needed every pound of positive report. This bibiography gives the primary
buoyancy. Spurred oan by this crisis in subma- sources listed here. as well as general infor-
rine design. Von Mises developed a theory for mation on ring-stiffened shells.
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Structural Components between bulkheads, the bulkheads being consid-

of Ring-Stiffened Shells ered perfectly rigid and uncollapsible.
The spacing of the bulkheads and rings gives

The ring-stiffened shell is made up of three the shell two independent parameters with which

structural elements: the facing, the ring stiffen- all other parameters must vary. To give cal-

ers, and the bulkheads. culations and figures a more nondimensional

The most important element is the facing, and general character, the ring and bulkhead
which serves as a barrier against the water spacings are given in terms of L/D and Lb/D,

outside the vessel. Although the facing contrib- where L indicates ring spacing; Lb, bulkhead

utes a large share of elastic stability and corn- spacing; and D, the diameter of the smooth cyl-

pressive strength to the vehicle, it must be inder. The ring stiffeners come in a variety
stiffened by rings at close intervals to retain of forms, the form of the stiffener depending on
its cylindrical shape under pressure. the space and weight limitations.

The ring stiffeners, or ribs, supply both
elastic stability and compressive strength. The Fabrication of Ring-Stiffened Shells
cross section and moment of inertia of the rings
depend on the diameter of the vessel, maximum Ring-stiffened shells can be easily fabricated

external pressure, spacing between the rings, from almost any material. They can be cast,
and thickness of the facing - variables that thor- welded, or even machined from a single billet.
oughly interact one with the other. Generally, Since most of the high-strength materials are
the ring dimensions are such that, even when either unweldable or require expensive post-
that part of the cylinder between the rings has heat treatment, the ability to machine the shell
been deformed and all load-carrying ability has from one billet is very important. The quality
been lost, the rings still retain their circular of the ring-stiffened shell can be easily con-
shape and prevent a general shell collapse. trolled during manufacture, since both the ex-

The bulkheads, either solid discs or circular ternal and internal shell surfaces are accessi-
frames of at least twice the rigidity and strength ble. Because of these advantages, ring-stiffened
of ordinary rings, divide the vessel structure shells are widely employed, except for a few

into independent sections. All strength and sta- applications where the pressure-to-weight ratio

bility calculations are based on the shell length needed is extremely high.

1 11



U

Sandwich Shells

Origin of Sandwich Shells The earliest work in the sandwich-shell field
was done by Leggett and Hopkins in England,

71HE pressure-to-weight ratio of the ring- Reissner in the United States, and Panov in the
stiffened smooth shell leaves much to be de- USSR. The major contribution was made by
sired, even when all the shell parameters are Reissner, who developed a nonbuckling theory
optimized. The study of ring-stiffened smooth for small deflections and strains in sandwich
shells made it more and more apparent that the shells. His theory accounted for deflections re-
ability of the shell to withstand external pres- sulting irom compression of the sandwich core
sure was dependent on two physical parameters: normal to the facings, as well as those caused
the strength of the construction material, and by shear.
the stability of the stiffened wall. There is no Following studies by Reissner, Stein and
shortage of high-strength materials; the prob- Mayers developed a linear small-deflection
lem in to find the proper shell structure with theory that does not consider core compression
which to utilize these high-strength materials but includes average shear strains. Their theory.
to maximum advantage. The talents of many in terms of shears a-J deflections normal to
engineers produced a number of ideas, but the the median surface, is expressed in three gen-
high rigidity of the sandwich-wall design prom- eral equations with ten independent physical
ised to significantly improve the pressure-to- constants. If the simplification is introduced
weight ratio of shells subjected to external that the sandwich core is isotropic and does not
pressure. Although the idea for sandwich walls carry the stresses directly, these equations can
did not appear until the late nineteen forties, be reduced to Donnell's equation. Other workers
it has already become accepted as the optimum in the field applied the equations of Stein and
shell design for underwater vessels. Mayers to various sandwich-shell configurations

The idea for the sandwich-wall shell grew out under different types of loadings.
of previous work with sandwich panels. Although The research group at New York University
sandwich panels were proposed a long time ago. produced some outstanding results. They con-
they were not widely used until bonding and ducted many theoretical and experimental stud-
brazing techniques were perfected. too of sandwich shells. Their greatest contribu-

As engineers began to use the sandwich-type tion is a theory for the symmetrical buckling of
structure for different applications, it became sandwich shells under compressive and loads.
imperative to derive, both on theoretical and Gerard and Wang derived a generalized nonlinear
experimental bases, stress-strain and stress- buckling theory, which is based on the principles
load relationships for sandwich structures of of equilibrium and conservation of energy and
various configu4tions. In the short span of includes shear effects. This theory neglects the
time from 1940 to 1960, the theory for flat rigidity of the facings, the basic assumptions
sandwich plates became established and well being that the core behaves as a three-dimen-
Pupported by experimental data. However, the atonal elastic medium in which stresses parallel
tandwich shell has not developed s rapidly. to the facings are negligible when compared to
There am only a few researchers working on the normal and transverse shear stresses.
sandwich shells, and experimental data support- The New York University group, using ax-
ing the available theories are acking. Most of perimental data, compared their theoretical
the research In this field has been conducted at solutions with the Donnell equation as modified
the Forest Products Laboratory. New York by Stein and Mayers. It can be stated that the
University. and at Soviet research institutions, modified Donnell equation predicts the axial
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bending load of weak-core cylinders well, but instability collapse of a sandwich shell. On the
that the correlation between bending and tor- basis of theoretical considerations and the im-
sional loads and the experimental data is not as plosion data from four circumferentially stiff-
good. However, until better theories are postu- ened cellular sandwich shells, the ring-buckling
lated, it must be stated that the linear buckling equation of Bresse has been modified to predict
theory is acceptable for sandwich cylinders with the general instability collapse of sandwich
soft cores under bending and torsional loading, shells within ± 5 per cent. The modified Bresse

The Forest Products Laboratory, although equation has been used at ORL exclusively and
primarily interested in the structural applica- has produced good results.* Most of the general
tions of wood-fiber board and plywood, has con- elastic instability curves for sandwich shells
sistently contributed to analytical and experi- have been plotted on the basis of this equation.
mental work on sandwich panels and cylinders.
Raville, extending the work performed at the
Forest Products Laboratory, concluded that Sandwich-Shell Structure
when the sandwich facings are relatively thin
an analysis in which the facings are treated as The sandwich-shell structure satisfies two of
membranes is sufficiently accurate. However, the basic requirements for shell strength: it
he found that when the thickness of the facings permits the use of high-strength materials,
is greater than one quarter of the core thickness and it provides structural stability. The use of
the stiffness of the facings must be considered, high-strength sandwich facings provides the de-
The analytical work of Raville and others was sired compressive strength; the large moment
mainly concerned with cylinders subjected to of inertia of the widely separated facings sup-
axial and lateral loads, plies the required elastic stability. In the sand-

Soviet scientists, realizing the potential of wich shell, the elastic stability is supplied by
sandwich structures, have spent considerable the wall itself, and not by rings and bulkheads,
effort on sandwich-shell theory, as evidenced as in the ring-stiffened smooth shell. Since itis
by the work of Prusakov, Vlasov, Grigolyuk. the wall itself that maintains the circular shape
Korolev, Kurshin, Ambartsumian, and others. of the shell under load, it is quite easy to design
The work of Grigolyuk has produced the most the shell once the dimensions of the wall are
generalized set of equations, and also provides determined. The shell becomes more homogene-
for some plastic effects. ous because of the uniformity of structure.

Bibliographies of publications on sandwich Although all sandwich shells are based on the
plates and sandwich shells are given at the end same principle, the method of separating the
of this report. These bibliographies give the sandwich facing differs considerably. The five
primary sources listed here, and are followed basic methods for separating the sandwich facing
by a general shell bibliography. A review of the are shown in Fig. 6. These are:
work done on sandwich shells will reveal how 1. honeycomb matrix;
little is actually known about the detailed stress 2. microballoon plastic matrix;
distribution in the sandwich cylinders and the 3. cellular matrix;
various mechanisms of plastic and elastic col- 4. solid filler; and
lapse. Even when generalized sets of equations 5. tubular matrix.
are available, like those of Grigolyuk and Don- Prototype shells employing these separation
nell, it is quite difficult for the designer to use methods have been built. The David Taylor Model
them for solutions of actual engineering prob- Basin and the Ordnance Research Laboratory
lems. The one exception is Flulton's work, which have devoted most of their efforts to the cellular
graphically presents some of the equations for sandwich shell. Westinghouse has experimented
steel shells. Although there is an acute need for with microballoon plastic sandwiches, and both
generalized stress-st; -n and deflecticn equa- ORL and the Hexcel Company have performed
tions for orthotropic unsymmetric sandwich cyl- some exploratory work with honeycomb sand-
inders, there is also a very pressing need for wich shells. So far, the microballoon, honey-
special equations applicable to specific engi-
neering applications. *Jaroslaw D. Stachiw, General Instability of

Some experimentation has been conducted at Circumferentially Stiffened Sandwich Shells Sub-
the Ordnance Research Laboratory of The Penn- Jected to Uniform External Pressure. Master's
sylvania State University toward development of Thesis, The Pennsylvania State University. 1961,
a semiempirical expression for the general p. 96.
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comb, tubular, and cellular sandwich shells have the cellular sandwich shell an inherently higher
been subjected to external hydrostatic pressure. pressure-to-weight ratio than that of other types
Of these, only the cellular sandwich type has of sandwich shells, except for the solid sand-
been designed and tested for external pressures wich. The only serious disadvantage of cellular

greater than 1500 psi, construction is the difficulty involved in fabri-

Each of the sandwich-shell designs has its cating shell components of foil thickness. Al-
merits, and no one design is distinctly superior though it is theoretically possible to construct
to the others. The honeycomb matrices have very light cellular shells for low externalpres-
been made of fiber glass materials, and are sures, there is a limit on the minimum thickness
available in a variety of thicknesses and corn- of the shell components.
pressive strengths. However, they are limited The tubular shell has a lower pressure-to-
to a compressive strength of 1500 psi, and they weight ratio because the stiffeners are arranged
present difficulties when formed into small cyl- axially instead of circumferentially. This type
inders or when used in cylinders having metal of construction will result in a shell having less

facings. The space between the facings is corn- stability than that of a cellular sandwich shell
pletely filled, and the shell wall cannot be used having the same weight. There may be some
for heat-transfer purposes because of its heat- conditions regarding the use of the annular space
isolation properties. Nevertheless, honeycomb in which tubular shells can have a distinct ad-
matrices faced with glass fiber laminations are vantage and the extra weight can be absorbed.
inexpensive and can be used to construct light- Fabrication problems for tubular shells appear
weight, pressure-resistant vehicles (less than to be similar to those for cellular type shells.
1500 psi) with the possibility of an excellent The solid sandwich shell utilizes either a
structure. metallic or nonmetallic spacer material of lower

Microballoon shell construction is a new de- density than that of the facings. This design is
velopment, but it has been tested experimentally particularly applicable to shells subjected to
and found to be satisfactory. The microballoon high external pressures. The high compressive
sandwich shell has a core of lightweight porous strength of the spacer material eliminates the
plastic, the porosity of which can be varied to possibility of local failure. The use of a solid

meet the compressive strength requirements of metallic spacer may make it easier to attach
the shell. The microballoon matrix is a visco- propulsor machinery and other heavy shell
elastic material that may be useful for damping components to the wall. The fabrication of metal
the shell wall The space between the facings, sandwich shells does not present any special

however, cannot be utilized for storage of fluids difficulties. The solid spacer, however, elimi-
or heat exchange. The latter limitation prohibits nates the possibility of using the sandwich wall

its use around propulsors that radiate appreci- for storage of fluids or heat exchange.
able heat.

The cellular sandwich shell relies on annular
stiffeners for separating the shellfacings. These Critical Comparison
stiffeners must be sufficiently thick and so of Sandwich-Shell Designs
spaced as to avoid local instability or yielding
of the facings. This sandwich construction cre-
ates a convenient annular space that canbeused The five types of sandwich-shell designs -
for fluid storage (gases under pressure, or liq- for small-diameter (10- to 30-in.) shells - can
uids), heat exchange functions, or other pur- be grouped arbitrarily as follows:
poses. However, such construction creates prob- 1. designs applicable to low external pres-
lems in fabrication; but it is felt that they are sure vehicles (0 to 1500 psi) - honeycomb,

amenable to solution by good product engineer- microballoon;
ing practices. Adhesives, which are so admi- 2. designs applicable to intermediate external
rably suited for honeycomb and microballoon pressure vehicles (1500 to 4000psi) - cel-
sandwich shells, are unsuited for the cellular lular, solid, tubular; and
sandwich shell, which requires narrow joints 3. designs applicable to high external pres-
and puts great strains on adhesives. It appears sure vehicles (>4000 psi) - solid, cellular.
that only welded, cast, or laminate constructions The honeycomb and microballoon sandwiches
are suitable for cellular sandwich shells. The give very high pressure-to-weight ratios at low
annular stiffeners are designed to carry a con- pressures. The extremely light honeycomb and
siderable share of circumferential load, giving microbaLloon spacers assure uniform support
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SANDWICH SHELLS OF HONEYCOMB,MICROBALLOOI4, OR SOLID DESIGN

0
9FLOATS SINKS

0 .. 0.0ACTUAL COLLAPSE PRESSURE OF
0. CELLULAR LONG SANDWICH SHELLS

* BELOW THIS PRESSURE LIMIT LINE NO
* GAIN IN BUOYANCY IS POSSIBLE BY THE

APPLICATION OF RING-STIFFENED ORI ~~ELASTIC INSTABILITY OFDWHSELDSIN

0 COMPRESSIVE STRENGTH OF

JSIMULTANEOUS ELASTIC ANDJALOGSOHSEL
49 OPRSIVE FAILURE POINT

hW 12000

1 0 -0.5

COEFFICIENT OF EXCESS BUOYANCY

Fig. 7 - Buoyancy and Maximum Pressure Limits of Cylindrical Sandwich Shells
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Fig. 9 - Internal Useful Volumes of Cylindrical Sandwich Shells

for the high-strength facings and make difficult If heat exchange and boundary-layer control
the fabrication of small shells with an excess are not required, the solid sandwich shell offers
buoyancy factor of 0.9 below 1500 psi. It is im- the best design for vessels subjected to high
possible to fabricate a cellular sandwich shell external pressures. This design assures elastic
with an excess buoyancy factor of 0.9 below stability, good pressure-to-weight ratio, and
1500 psi because the thin facings cannot with- resistance to local failure. However, design
stand the pressure. The solid sandwich, even criteria and fabrication methods for this type of
when constructed of extremely light metal and shell have not been explored. The cellular shell
strengthened with solid nonmetallic spacers, is also an attractive solution to the high external
cannot meet the 0.9 excess buoyancy criterion pressure requirement.
that is so easily met by the honeycomb or-mi- At present, underwater vehicles are limited
croballoon sandwiches, to intermediate external pressures. The cellular

At intermediate pressures, the cellular and sandwich design offers a very attractive answer
solid sandwiches are recommended because of to all the shell requirements in this pressure
their ability to withstand high compressive range, including a high coefficient of excess
loading. Also, the extra fluid-storage capacity buoyancy, and fair utilization of internal vessel
in the walls of the cellular sandwich makes this space. The cellular sandwich shell can be fabri-
design applicable to vessels that require an cated from a variety of structural materials and
efficient heat exchange for the gases or liquids by existing fabrication methods. In addition to
used or produced by the various subsystems providing a good practical shell structure, the
making up the complete vehicle. At intermediate cellular sandwich shell can be used for fluid
and high pressures, the facings and annular storage and heat transfer.
stiffeners are substantial, and cellular sandwich Figure 7 shows the buoyancies and maximum
shells with excess buoyancy coefficients of 0.9 pressure limits for cylindrical sandwich shells;
and 0.8 can be fabricated without difficulty. Figs. 8 and 9 show internal volumes and internal

The tubular sandwich shell has a relatively useful volumes, respectively, for cylindrical
low pressure-to-weight ratio, but the axialpas- sandwich shells. Figures 10 and 11 give the same
sages between its stiffeners may provide a unique information a Figs. 7 to 9 for 6061- T6 alumi-
solution for certain problems involving heat ex- nma sandwich shells, the collapse pressures of
change, fluid transfer, or even conduit passages, which have been adjusted for the stiffening action
Coefficients of excess buoyancy in general will of bulkheads and shell joints. Volume-utilization
be less than those for the cellular sandwich and buoyancy curves for other shell materials
shell. are given in the Appendix.
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Internal Pressurization of Shells

INTERNAL pressurization is one method of not carry any external pressure, its compres-
increasing the implosion resistance of a shell sive strength and elastic stability being com-
without adding material to the shell structure. pletely disregarded in the internal-pressure
This method utilizes compressed gases or lq- calculations. The only strength requirement is
uids to counteract the hydrostatic pressure that the shell withstand flexural loads imposed
acting on the outside of the shell (Fig. 12). during use, handling, and storage. The hybrid
Pressurizing the internal volume of the vessel system takes into consideration the compressive
makes it possible to design a vehicle shell that strength and elastic stability of the shell, as
could operate at almost any external pressure. well as the forces exerted by the compressed
Internal pressurization for external pressure fluid. This system is more economical, for it
vessels has not been used to any great extent, requires a lower internal fluid pressure and
but extension of pressure capability may re- thus a smaller mass of pressurizing fluid.
quire its use for future applications. The method by which the fluid is pressurized

provides the third means of classifying pres-
surization systems. There are three ways of

Pressurization Methods pressurizing the fluid: (1) pressurizing the
shell cavity before launch; (2) pressurizing the

Pressurization systems can be classified ac- vehicle by means of a pressure tank located
cording to: (1) the pressurizing fluid. (2) the within the vehicle; and (3) pressurizing the ve-
method by which the pressurized fluid carries hicle by means of the external pressure itself,
the external load, and (3) the method by which which uses the external fluid for flooding or
the fluid is pressurized, exerts pressure across a membrane. Each of

Pressurization systems may employ either these methods places special demands on the
liquid or gas as the pressurizing fluid. Gas- shell structure and the pressure-regulating
pressurization systems would be likely to use system.
the low-density, inert gases as a pressurizing If the shell cavity is charged with a gas from
fluid. Liquid-pressurization systems would be some separate source, the shell must be capable
apt to utilize a liquid that has a specific gravity of holding the high internal pressure. Since
lower than that of water, although water itself compressed gases are dangerous to operating
as a pressurizing fluid Is a simple solution in- personnel, a high safety factor must be used in
volving only free flooding of the cavity. The the design of the shell. The absence of pressure
lower the specific gravity of the gas or liquid regulators makes this type of pressurization
used, the higher will be the strength-to-weight system very reliable, but the shell becomes an
ratio of the shell since pressurizingfluid weight internal pressure vessel that may be prohibi-
must be charged to the shell weight. tively heavy because of the thick shell walls.

Pressurization systems can also be classified When the vehicle uses gas from a pressure
according to the load-carrying methods em- tank inside the shell, the only requirement is
ployed. There are two basic systems: the first that the vehicle shell withstand those etresses
relies completely upon the internal fluid pres- caused by use. handling, or storage. As the
sure to counteract the external pressure. the external pressure varies with the operational
second is a hybrid system that uses both fluid depth of the vehicle, the pressure-regulator
pressure and shell structure to share the ex- mechanism meters out the gas accordingly so
ternal load. In the first system, the shell serves that a set pressure differential is always main-
as a membrane only. separating the sea water tamed between the outside and the inside of the
from the fluid inside the shell. The shell does vehicle. The disadvantage of thi. system is the
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necessity for venting the excess gas pressure It is easy to determine the best gas- or liquid-
so that it will not rupture the vehicle. The al- pressurization system for agivenpressure. The
ternating pressurization and venting operations weight of the gas-type system varies with the
may deplete the compressed gas in the tank maximum operational depth for which it is de-
rapidly, limiting the depth variations of the ye- signed; the weight of the liquid-type system is
hicle, almost independent of the maximum operational

In vehicles pressurized with liquid, the pres- depth. When the buoyancies of both systems are
sure of the liquid can be adjusted to the external plotted as a function of external hydrostatic
pressure by means of flexible diaphragms that pressure, they intersect at some external-pres-
transmit the external pressure to the pressur- sure coordinate. At any pressure less than that
izing liquid. Such an arrangement is very simple of the intersection point, a certain gas system
and yet very effective. There are no moving is preferred because it possesses better pres-
parts, and the vehicle shell serves as a mem- sure-to-weight characteristics than the liquid
brane only. However, the shell must withstand system. At any pressure greater than that of
the flexural stresses during prelaunch handling, the intersection point the liquid system has a

much better pressure-to-weight ratio. Gener-Comparison of ally, the gas-pressurization system will be
Pressurization-System Weights better than the liquid-pressurization system,

except where extremely great pressures are
The weight of a pressurized underwater ve- involved.

hicle is the sum of the weights of the shell, In addition to the weights of the shell structure
shell components, component encapsulations, and the pressurizing medium, the weight of the
and pressurizing fluid. Once the pressurization necessary protective encapsulation is a factor.
system has been selected, the only way to lighten Encapsulation is required to protect components
the vehicle is to obtain a gas or liquid having from the effects of high pressure, or from the
a lower specific gravity. Figures 13 and 14 show damaging liquid environment. These enclosures
the excess buoyancy coefficients of shells pres- could also complicate placement and mainte-
surized with various gases and liquids under nance of the various internal components of the
the conditions stated thereon. vehicle.
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I

Summary and Evaluation of Shell Designs

Classification of Shell Designs ence in weight between the actual shell weight

and the weight specified by the average circum-
SHELLS for underwater vehicles can be ferential stress formula tzpD/2 a is caused by

grouped into two categories: (1) shells that inefficient stiffening of the facing against elas-
utilize their structural characteristics to with- tic-instability collapse. This means that the
stand external pressure; and (2) shells that ring-stiffened shells do not utilize all the com-
utilize an internal pressurized fluid to withstand pressive strength available in the material. The
external pressure. Examples of the first cate- utilization of internal useful volume is not very
gory are ring-stiffened shells and sandwich good either, because of the large stiffening rings
shells. Examples of the second category are and bulkheads. For these reasons, the ring-
those structures, such as buoyancy or trim stiffened shell is no longer considered an effi-
chambers or others, which are flooded as a cient shell design.
necessary part of their operational functions. Sandwich shells consist of concentric cylin-

Ring-stiffened shells and sandwich shells drical facings separated by a lightweight spacer.
utilize the compressive strength of the material Depending on the type of spacer, the sandwich
and the elastic stability of the shell structure structure is called cellular (circumferentially
to maintain the hydrodynamic shape of the ye- stiffened), tubular (longitudinally stiffened), mi-
hicle. The ring-stiffened shell was developed in croballoon (material with high porosity), or
the late decades of the nineteenth century, and solid (bimetallic). The facings carry the cir-
has been improved over the years. The sand- cumferential and axial stresses; the wide spacing
wich-shell design was not feasible until the late between the facings provides the shell with
nineteen forties, but it has already become sufficient elastic stability. Unlike the ring-
accepted as the optimum shell design. stiffened shell, the sandwich shell does not

require additional material, and the simple com-
Present State of Shell Design pression-strength formula predicts its weight

with reasonable accuracy.
At the present time, the most reliable shell All the sandwich-shell types have been built

design is the ring-stiffened smooth cylinder, and tested on a limited basis. Sufficient data
Mathematical expressions have been developed have been accumulated to design and fabricate
for the accurate calculation of stresses in the a sandwich shell for a given external pressure.
structure of the ring-stiffened shell. Using gen- The uniformity of shell wall thickness and the
eral equations, the designer can calculate the smooth uncluttered interior permit efficient
general instability, local instability, and local utilization of internal volume. Some of the sand-
yielding of the ring-stiffened shell within ±5 per wich-shell walls possess annular cavities that
cent of experimentally determined values, can be used for fluid-storage or heat-exchange

The ring-stiffened shells derive most of their purposes.
stability from ring stiffeners and bulkheads. Since internally pressurized shells of the
When the weight of all the structural compo- ring-stiffened or sandwich type have not been
nents, including the bulkheads, is taken into utilized to any great extent, there is a lack of
consideration, the average weight of the shell experimental data for design purposes. However,
is much heavier than the weight of the material the derivation of mathematical expressions for
necessary to withstand simple circumferential the calculation of the structural dimensions of
compressive stresses in the shell. The differ- the shell does not present any difficulty.
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Future Research wich shells from existing high-strength ma-

terials.
Each of the methods for adapting underwater The development of improved shell-pressur-

venicle shells to high external pressures has izing techniques could make pressurized shells
its limitations and represents a compromise competitive with sandwich shells. At present,
among all the parameters present. The ring- the pressurizing techniques are in their primi-
stiffened shell does not provide sufficient elastic tive stage of development and not widely used.
stability and does not utilize all the available

compressive strength of the shell material.
The sandwich-type shells are limited by the Recommended Shell Designs

compressive-yield strength and the density of
the material. The internally pressurized shells, The sandwich shells possess the best possible
on the other hand, are limited by the compressi- strength-to-weight ratio because of their ability
bility and specific gravity of the pressurizing to fully utilize all the material used in the
medium. structure. They satisfy more of the require-

The limitations of these shell designs point ments for a successful shell design than do
the way to future research. The possible areas other designs for a given pressure range. There
of research are: is no particular sandwich-shell design, or con-

struction material, however, that is best for
1. development of better stiffening methods the whole pressure range. Certain materials

for ring-stiffened smooth shells; and construction designs among the cellular
2. development of light shell materials with shells will result in a better shell for a given

higher compressive strengths and moduli pressure range. At the present time, there is
of elasticity, including the fabrication pro- some question about the fabrication of certain
cedures; and of these designs; but, disregarding this factor

3. development of pressurizing media with since it is an engineering fabrication problem,
lower compressibility and density. materials and designs of sandwich shells can be

recommended. The honeycomb or microballoon

Since sandwich shells have already overcome sandwich using fiber glass laminates, or their
the elastic-stability limitations of the ring- equivalent, is best for the lower pressure
stiffened shell, improvement of ring-stiffened ranges; the cellular sandwich is best for a large
smooth shells does not appear to be remunera- range of intermediate pressures; and either
tive. At best, the elastic stability of improved cellular or solid sandwich shells are best for
ring-stiffened smooth shells would only equal the higher pressures when the commonly used
the elastic stability of the sandwich shell, construction materials are considered. There is

The most promising area of research is the a considerable overiap of pressure ranges; in
development of higher-strength materials. At these "gray" areas only the use of good judg-
present, the compressive strength of materials ment will be of any help in selecting a design
is below 300,000 psi, but fabrication of sandwich and material.
shells from these materials presents great Some newer and untried materials, like ce-
difficulties. The best shells that have been built ramics and glass, show promise of being useful
utilize material with only 150,000-psi compres- for construction of external-pressure vessels.
sive strength, but these are not reliable pro- These materials, if successfully exploited, may
duction-type shells. Thus, research in this area revolutionize the whole external-pressure- yes-
must also include methods of fabricating sand- sel art.
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Appendix

FIGURES 15 through 35 give information on Figures 18 through 35 can also be used for
volume utilization and buoyancy for cylindrical the approximate determination of excess buoy-
shells. To describe the limitations of these ancy, internal volume utilization, and useful
data, the equations on which they are based are internal volume for tubular, honeycomb, and
also presented (Fig. 15). Some of these equa- microballoon sandwich shells. The shell prop-
tions have been obtained from handbooks; the erties for these sandwich shells can be only ap-
others have been developed by the author on a proximately determined from the plotted curves
semiempirical basis, because the structural components add weight

Figures 16 through 35 are substantiated by to the shell but do not carry any circumferential
tests, performed at ORL, of model and full- stresses. For this reason, the excess buoyancy
scale acrylic resin and aluminum shells. These of honeycomb, tubular, and microballoon shells
data have been adjusted for the stiffening action will be less than that shown for cellular shells,
of the bulkheads and shell joints, and the plotted but the useful internal volume will be approxi-
pressure actually represents the collapse pres- mately the same. The excess buoyancy will be
sure of a long cellular sandwich shell; that is, approximately 30 per cent below that of the
a shell whose bulkheads are widely spaced so cellular shell.
that they do not substantially contribute to the No curves have been plotted for the solid
collapse resistance of the shell. Ifshorterbulk- sandwich shell because of the large selection of
head spacing is considered, the curves cannot sandwich spacer materials, but the formulas
be read directly, but must be adjusted for the for calculation of solid sandwich shell data are
bulkhead strengthening effect, available. Depending on the materials used for

The volume-utilization and buoyancy curves the sandwich facings and sandwich filler, shells
should be used for a general comparison of with widely varying collapse resistances and
different materials and shell designs. They buoyancies can be fabricated. Particularly,
should never be used for actual design because sandwich designs with a light metal spacer ma-
greater accuracy can be obtained by detailed terial and high strength facing would result in
calculations based on shell application. In such shells with high pressure-to-weight ratios.
detailed calculations, it is possible to take into Although Figures 16 through 35 include data
account the effect of facing thickness on the for various sandwich-shell materials, there is
stress distribution in the shell wall, the stress no assurance that the sandwich shell can be
concentrations caused by stress raisers, and built from the material for a given external
other factors that cannot be taken into consider- pressure because of fabrication limitations.
ation when plotting curves on nondimensional For each material, sandwich-shell design, and
scales, shell diameter, there are minimum thicknesses

Figures 18 through 35 show only the maxima for shell facing and cellular stiffeners below
and minima of buoyancy and internal volume which a shell cannot be built by existing fabri-
coefficient for cellular sandwich shells. Fig- cation methods. This, of course, imposes a
ures 18 through 23 are graphs of the cellular limit on the coefficient of buoyancy for which
shell's coefficient of useful internal volume for the shells can be economically designed. Fig-
selected premium materials. Figures 24 through ure 17 shows the maximum coefficient of buoy-
29 are curves of available buoyancy and internal ancy for which cellular shells of 36-in. diameter
volume utilization for all commonly used con- can be designed; similar curves can be plotted
struction materials. for each shell design, material, and diameter.
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Abstract

THE Bresse equation for the buckling of
rings under radial pressure is modified to pre-
dict the general-instability collapse pressure
of cellular sandwich shells under hydrostatic
pressure. The validity of the equation is demon-
strated by implosion experiments with carefully
designed cellular sandwich shells, the general-
instability collapse pressures of which are com-
pared with the results obtained by the modified
Bresse equation. The results indicate that the
modified equation predicts the general-insta-
bility collapse pressure of cellular sandwich
shells within 5 per cent. This equation is recom-
mended for use only when the ratio of shell ring
depth to shell mean diameter is less than 0.1.



General Instability of Circumferentially Stiffened Sandwich Shells

Subjected to Uniform External Pressure

Introduction

CELLULAR sandwich shells are preferred for many underwater applications because of their
ability to withstand great hydrostatic pressures. The cellular sandwich shell, sometimes referred
to as a circumferentially stiffened sandwich shell, consists of two concentric cylinders joined by
a series of equally spaced circumferential annular stiffeners (Figs. 1 through 4). On the basis of
theories postulated by some authorities (1,2),* it appears that cellular sandwich shells possess the
highest pressure-to-weight ratio and thus represent the optimum design for pressure vessels sub-
jected to external hydrostatic pressure. However, the advantages of this design are offset by the
lack of design data for accurately predicting the hydrostatic-pressure capability of the shell. There
is a need for a simple equation that will accurately predict the hydrostatic collapse pressure of
the cellular sandwich shell.

PURPOSE OF THE INVESTIGATION

Cellular sandwich shells, like other types of shells, are subject to two broad categories of
shell failure: elastic instability, and failure of the material. Of the two types of failure, elastic
instability is less predictable and thus of greater interest. There are many types of elastic insta-
bility, but this investigation was concerned with general instability - a type of elastic failure in
which all the shell components buckle simultaneously. It was the purpose of this investigation to
theoretically and experimentally develop a simple equation for predicting the general-instability
collapse pressure of a cellular sandwich shell subjected to hydrostatic pressure.

HYPOTHESIS AND METHOD OF INVESTIGATION

The theoretical basis of this investigation was Bresse's theory for the buckling of rings under
radially applied external pressure(3). It is postulated that a modified Bresse equation accurately
predicts the uniform external pressure at which general-instability failure of a cellular sandwich
shell occurs. The advantages of cellular sandwich shell construction were determined by tests in
which five types of acrylic resin shells were imploded (Figs. 3 and 5 through 8). To verify the
validity of the modified Bresse equation, two identical aluminum rellular shells and one acrylic
resin cellular shell were imploded in a carefully controlled pressurization system. Both types of
shells were designed to collapse by general instability, and their collapse pressures were then
compared with those predicted by the modified Bresse equation. The criterion by which the validity
of the modified Breese equation was judged is its ability to predict collapse pressure within 10 per
cent of the experimental results.

This investigation was limited to the collapse of cellular sandwich shells by general instability,
and only those shell parameters and experimental data that have direct bearing on this method of

*Numbers in parentheses refer to References on p. 13.



collapse were investigated. However, local buckling of sandwich-shell facings and circumferential
stiffeners is discussed in a general way.

BRIEF SUMMARY OF RESULTS ANu CONCLUSIONS

The two aluminum shells were tested together, and collapsed at 2300 psi; the acrylic resin shell
collapsed at 1650 psi. When both collapse pressures were corrected for end conditions and com-
pared with those obtained by the modified Bresse equation, the difference was less than 5 per cent.
On the basis of this and other investigations, it is concluded that the modified Bresse equation
accurately predicts the general-instability collapse pressure of cellular sandwich shells, provided
the proper corrections for end conditions are made.

Theoretical Consideration and Discussion

STRUCTURAL ANALYSIS OF THE CELLULAR SANDWICH SHELL

The derivation of an equation describing the safe load of a novel structure can generally be
approached from two diametrically opposite viewpoints. One viewpoint is based on the supposition
that an equation describing the safe loadfor any new structure can be derived from the basic tenets
of statics and from the theory of elasticity, providing that a thorough analysis of the distribution
of loads and boundary conditions has been made previously. The other viewpoint is based on the
suppusition that any new struc*ire can be considered as a combination of several structural ele-
ments for which load-carrying capabilities already have been obtained.

If an approach to the solution of a problem could be characterized by one word, the first view-
point might be called scientific ar J the second, engineering. Both viewpoints have their value, de-

pending on the aims of the investigation. The scientific formula derivation has its value when the
aim of the investigation is the discovery of a basic set of equations. However, when the aim of the
investigation is applicable to a specific engineering structure only, the engineering approach is
much more desirable since the emphasis is on the utilitarian value of the formula and not on its
value as a contribution to the thecretical body of knowledge.

As this investigation was initiaed to acquire an engineering design formula for the prediction
of a particular mode of failure of a special type of structure, it was decided at the very outset that
only the engineering approach was desirable. This decision was further substantiated by other
reasons, such as limited funds and a short period of time in which to conduct the investigation.

DEFINITION OF TERMS

The terms used in this report are defined below. Some of the structural members (such as
I rings and I-ring flanges) do not exist as such, but are referred to for purposes of analysis. The
cellular sardwich shell, for instance, can be tuought of as concentric cylinders joined by annular
stiffeners; or as a series of wide-flange I beams formed into rings, the flanges of which form the
inner and outer cylinders (Fig. 2).

Annular Stiffeners - Rings joining the outside and inside shell facings to form an integral struc-
ture (Fig. 2,.

Shell Facings - Thin shell-like cylinders joined by annular stiffeners (FIg. 2).
I Ring - A wide-flange I beam rolled into a circular shape (Fig. 2).
I-Ring Flange - That portion of the I beam forming the inside and outside facing of the shell (Fig. 2).
I- Ring Web - That portion of the I beam supporting the flanges.
Pressure-to-Weight Ratio - An arbitrary ratio for the comparison of various shells subjected to

internal or external pressur3. This comparison index takes into account both the strength-to-
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weight ratio of the structural material and the buckling resistance of the shell design. The

ratio is defined as:

7: Pce '

where

Pce = the experimentally determined hydrostatic collapse pressure of the shell,

V. = displacement volume of the vessel per unit shell length (in.3 per in.),1

and

W. = weight of the shell per unit length (lb per in.).
1

Hydrostatic Pressure - External pressure of uniform magnitude applied both axially and radially
to the enclosed pressure vessel.

Collapse Pressure - External hydrostatic pressure that causes the pressure vessel to lose its
structural integrity.

Infinitely Long Pressure Vessel - Pressure vessel possessing bulkhead spacing such that any
further increase in the spacing will not decrease the collapse pressure of the vessel.

Short Pressure Vessel - Pressure vessel whose collapse pressure depends to some extent on the
reinforcing action of the bulkheads.

Failure by General Instability - Type of failure in which all the structural components of the shell
fail simultaneously by buckling.

General Instability Equation - Breese's theory for the buckling of rings adapted for the calculation
of the external hydrostatic pressure at which an infinitely long cellular sandwich shell will
collapse because of general instability.

APPLICATION OF BRESSE RING-BUCKLING EQUATION

The sandwich shell, when analyzed structurally, can be thought of as either an assembly of
typical wide-flange I rings, or as outer and inner cylinders joined by circumferential annular stiff-
eners at regular intervals. Although equations describing the general-instability collapse of smooth
shells and circumferential rings exist, the structural interaction between these shell components
is such that the general-instability collapse pressure of the assembly is not necessarily equal to
the sum of the individual collapse resistances of the components. Thus, for the engineering type
of investigation, it is fruitless to pursue the structural analysis approach, which treats the shell
as a combination of inner and outer smooth cylinders joined by annular stiffeners. The method
that logically promises a solution to the problem is the one in which the shell is considered to be
made up of infinitely repeatable wide-flange I rings (Fig. 2).

When the hypothesis is made that the shell is only a series of wide-flange I rings, then it follows
that the over-all collapse resistance of the shell to external pressure is equal to the buckling re-
sistance of the structural module, the wide-flange I ring. Therefore, the over-all collapse resis-
tance of the shell can be determined if the buckling strength of a single wide-flange I ring is known.
Fortunately, the problers of ring stability under uniform, radially applied, external loading was
solved long ago by Bresse(3); the solution was then extended into the plastic strain regions by
Engesser(4). The difference between the loading of Bresse's ring and that of the typical shell I ring
being investigated is in the superimposition of axial load upon the ring along its outer and inner
flanges.

The expression for the uniformly applied radial loading that produces radial buckling of the
ring has been very lucidly presented by Tinoshenko(5), and his notation is used in deriving the
general-instability equation for the cellular sandwich sheLl This equation actually represents a
semiempirical adaptation of the Bresse ring-buckling theory(3) to the buckling of sandwich shells
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by general instability. The adaptation is performed on the basis of structural similarity, and the
validity of the adaptation is supported by experimental data.

BUCKLING OF A CELLULAR SANDWICH SHELL UNDER HYDROSTATIC PRESSURE

In the original Bresse ring-buckling equation,

3EI

qcel R3  1

where

qct = the radial external collapse pressure of the ring (lb per in. of circumference measured
along the neutral axis of the ring),

E = modulus of elasticity in compression (psi),

I = moment of iertia of the ring (in. 4),

and

R a radius of the neutral axis of the ring (in.).

The Breese equation is correct for only a single ring under radially applied external pressure.
This means that there is no loading perpendicular to the plane of the ring and no external restraint
on the buckling ring. When shells of typical wide-flange I rings are considered, it becomes apparent
that the flanges of an individual I ring are restrained from distortion by the adjacent I rings, and
that they are subjected not only to radial loading but also to axial loading. The restraint on I-ring
flanges and the superimposed axial loading must be accounted for in some manner; otherwise.
erroneous answers will be obtained from Eq. 1.

The simplest approach to the problem of restraint on the flanges of an I ring by neighboring
I rings is to assume that the cross sections of the I rings will not become distorted during compres-
sion because the adjoining flanges will prevent them from distorting. This assumption is basically
the same as that made for the derivation of the buckling formula of an infinitely long smooth shell
subjected to uniform external radial pressure(6). Since the cross section of the flanges will not
be distorted during the compression of the rings under load, a new expression(5) must be sub-
stituted for the modulus of elasticity in Eq. 1. Thus, E /I-# zi is substituted for E in Eq. 1. giving a
new expression:

P t2=XLLx..LX- R 2
I-F Re

where

P ct the external hydrostatic collapse pressure of the shell assembly.

R a external shell radius,

and

sa a Poisson's ratio in the elastic range of the material under uniaxial compression.

The factor R/Ro is used to correct for the large difference between the outside shell radius and
the radius of the neutral axis of the ring. For thin-walled smooth shells, such a correction Is not
necessary; but. for thick-walled shells, or for sandwich shells whose ratio of ring depth to ring
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external surface radius is greater than 0.1 (h/Ro>0.1), such a correction is mandatory because
it generally amounts to approximately 10 per cent of the uncorrected value of Pct. Even with the
correction, Eq. 2 is not exactly correct since the flanges of the I rings do not constitute the whole
I ring but only a part of it. However, a detailed correction of Eq. 2 is not necessary: a comparison
of the inertias of the web and the flanges shows that the contribution of the web to the moment of
inertia of the I ring is very small.

In the derivation of Eq. 2, it was assumed that the ring material followed Hooke's law faithfully
from zero stress to the moment of buckling. There are very few materials that behave in such a
manner; therefore, the equation must be modified to account for materials that do not follow
Hooke's law. Engesser(4) and Southwell(7) have developed expressions that allow for the deviation
of materials from Hooke's law and yet predict the buckling of structural members.

The Engesser solution must be used to calculate the general-instability collapse pressure of a
ring or cylinder fabricated from aluminum. For the buckling of structures fabricated from materi-
als not having linear stress-strain properties, the Engesser solution substitutes the tangent modu-
lus of elasticity for the modulus of elasticity in Eq. 2. Little experimental data have been found on
the correctness of the Engesser solution as applied to the collapse of shells or rings, but some
data have been accumulated on its application to the buckling of slender rods, as shown in Fig. 9.
This figure shows that the experimental points follow the theoretical curve predicting the buckling
of slender rods. Since the buckling of both rods and shells is based on similar structural parame-
ters, it is felt that the Engesser solution will hold equally well for shells and composite shells.

Equation 2 can be further refined by substitution of/g for p since /L is Poisson's ratio of the
shell material at a given stress level. In the elastic strain region, Poisson's ratio changes very
little with the increasing stress level; but, in the plastic strain region, Poisson's ratio increases
considerably as compared to its value in the elastic strain region. When A is used instead of p in
Eq. 2, the magnitude of the calculated collapse values for the plastic strain region may increase
by as much as 18 per cent(8). The difficulty in applying this correction is the scal city of published
data on the change of u S with the change in the stress level; thus, us is usually used instead of As.
By not using us,, some of the calculated collapse-pressure values are placed in error; but, since it
makes the calculated values smaller, it is accepted as a safe and conservative practice.

Although specifically derived for radial loading of rings, Eq. 2 can also be used to predict the
general instability of cellular sandwich shells under the joint action of axial and radial external
pressures. The applicability of Eq. 2 to cellular sandwich shells subjected to radial pressure, or
to combined axial and radial pressures, is based on the fact that buckling in a smooth cylinder
requires a much greater axial pressure than a radial pressure or combined axial and radial pres-
sures(9). Since the axial and radial external pressures are of equal magnitude in the hydrostatic
loading of a shell, the cylinder will become unstable because of radial pressure long before buck-
ling because of axial pressure will occur. Although this has been proved experimentally and theo-
retically for smooth cylinders only, it is assumed that it will also apply to sandwich shells because
of the similarity of the relevant shell parameters.

The final version of the Bresse ring-buckling equation, modified to include the tangent modulus
of elasticity in compression Et, Poisson's ratio ata given strain level ps and the correction factor
R/Roo can be now written as

where

N-.(h-t.-t,"]L + (h-t-, '

12 L2
Z,,- L,

h a over-all wall thickness, to  outside flange thickness, ti a inside flange thickness. L r • annular
stiffener spacing, and tw a annular stiffener width. Equation 3 will be used to calculate the general-

instability collapse of sandwich shells.
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When the shell material has a definite yield point and becomes plastic without strain hardening,
Engesser's solution does not apply; Southwellvs modification(7). or some other modification, must
be applied. Since this investigation does not concern itself with shells fabricated from such ma-
terials, these modifications to the Bresse equation will not be discussed.

Experimental and Testing Procedures

ACRYLIC RESIN SHELLS

Five inexpensive acrylic resin shells were constructed to determine the relative merits of the
different types of shell construction. These shells, shown in Fig. 3 and Figs. 5 through 8, were of
identical weight, length, outside diameter, and usable inside diameter. They were fabricated from
commercially available tubes, and their rings were cut from commercial acrylic resin sheet stock.
All the structural components were joined into a single homogeneous structure with acrylic resin
solvent. To eliminate residual stresses introduced by machining and bonding of the material, the
finished shell assemblies were annealed in temperature-controlled ovens. Figure 10 is an assembly
drawing of the acrylic resin shells.

For implosion testing, the shell ends were sealed with identical friction-type closures and
immersed in a 2000-psi-capacity pressure chamber (Fig. 11). The collapse pressures for all the
shells were carefully recorded, and are presented in Table L The results indicate that, among
those tested, cellular sandwich construction is the best metho,, of stiffening shells against external
pressure.

TABLE I

COLLAPSE PRESSURES OF ACRYLIC RESIN SHELLS

Pressure-to-
Collapse Weight Ratio

Pressure** F, )

Description* (psi) 17 P.. (

Smooth shell 590 0.585 x 105

Smooth shell stiffened by 1200 1.185 x 105

equally spaced circum-
ferential plain rings

Smooth shell stiffened by 1450 1.44 x 105

equally spaced circum-
ferential T rings

Longitudinally stiffened 1100 1.09 x 105

sandwich shell

Cellular sandwich shell 1650 1.63 x 105

*Material properties are shown in Fig. 31.
**Pressurization rate: 20 psi per sec.
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ALUMINUM CELLULAR SANDWICH SHELLS

Equation 3 was used to design two larger aluminum cellular sandwich shells (models A and A')
to test the general-instability collapse theory postulated. The shells were constructed of wrought
aluminum, a typical construction material, which was selected solely on the basis of cost and ease
of fabrication. Since engineering design formulas for this type of shell were not available at that
time, both the shell facings and the rib spacing were selected on the basis of general engineering
stability principles(10, 5). The thickness of the shell facings and the spacing of the ribs were
critical and were selected so that local buckling(ll) or yielding would not occur before the shell
collapsed as a whole under the action of external pressure. Figure 12 is the assembly drawing for
the aluminum cellular sandwich shells.

Since so many variables enter into the design of a sandwich shell, it is not prudent to accept
the experimental collapse pressure of a single shell as the typical collapse pressure of that sand-
wich shell design. The best approach would be to test as many shells of the same design as possible
and to evaluate the collapse pressures by statistical methods, but such an approach would be too
expensive for this investigation. To overcome this limitation and to obtain at least a semblance of
a typical collapse pressure, it was decided to make both aluminum shells of identical dimensions
and to average their collapse pressures. The dimensional tolerances for the fabrication of both
shells were very "tight," as indicated in Fig. 12. These tolerances ensured that the shells would
be as nearly identical as possible and that they would collapse simultaneously during testing.

During the fabrication of the shells, all conceivable quality controls were instituted and adhered
to in order to make certain that the final product tested was the same as that described in Fig. 12.
The shell design demanded an unusually high degree of attention to manufacturing details on the
part of the contractor - details that are generally ignored in everyday shop practice. The welding
fabrication method, in particular, presented more than the usual problems.

Because of the extreme length of welds, and the required postweld heat treatment, the wrought
aluminum shells required special care to avoid residual-stress distortions. Only by the use of
elaborate welding jigs and uniform welding rates was it possible to keep the distortion of the shells
within the design specifications. The most important single item in the structural strength of the
wrought aluminum shells was the quality of the welds, which was so high that it surpassed the fabri-
cation specifications by 21 per cent, as shown in Table IL

Another important item in the design and fabrication of these shells was the location of the
welds. Actually, there are several ways in which shell components can be joined to form a welded
shell structure; the selection of the weld type and its location depends primarily upon the stresses
created by external pressure application. Since external pressure loading generates the greatest
stresses in the circumferential direction, the welds had to be located along the circumference of
the shell; but, even at this location, there were several alternatives for the selection of weld type
and placement.

After a careful evaluation of all the possible weld types and locations, a weld was selectea that
would be almost as strong as the parent material, provided it was properly applied and located.
This weld, which is shown in Fig. 12, was placed in the circumferential direction and joined the
flanges of individual wide-flange I rings.

Each of the shells was provided with a wedge-band joint at each end for coupling with another
shell of identical construction. The joints were equipped with standard neoprene 0 rings in a
radial-type sealing arrangement that effectively sealed the shell assembly against high external
testing pressures.

TEST APPARATUS AND SHELL END SUPPORTS

The basic apparatus required for implosion testing consisted of two shell end closures, an
internal pressure vessel, a hydraulic pump, and several accurate pressure indicators. At the time

this investigation was conducted, the Ordnance Research Laboratory did not have pressurizing
equipment of sufficient capacity to test the two aluminum experimental shells. All experimental
testing of the aluminum shells was performed at the Southwest Research Institute, San Antonio,

Texas.
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TABLE II

MATERIAL PROPERTIES OF COLLAPSED ALUMINUM SHELLS

Cross Elongation in Ultimate
Test Section 1 In. Load Strength

Sample No. (in.2 ) (per cent) (ib) (psi)

Parent 1 0.0986 17.47 4765 48,327
material 2 0.095 19.50 4650 48,947

1 0.1005 4.42 4010 39,900
2 0.1003 3.90 4005 39,930
3 0.0995 5.18 4200 42,211
4 0.102 4.06 4110 40,294

Weld 5 0.0997 3.68 3910 39,218
coupon 6 0.1003 4.60 4045 40,329

7 0.101 4.08 3855 38,168
8 0.1005 4.46 4260 42,388
9 0.1005 4.89 4180 41,592

10 0.1005 4.89 4165 41,443

Material and Construttion

Parent material - 6061-T6 aluminum alloy
Welds -

Root pass: 5356 filler, heliarc-welded
Filler passes: 4043 filler, Sigma-welded

Weld type - 90-deg single-vee butt weld

Material Strengths

Specified weld strength - 33,500 psi (see Fig. 12)
Average weld strength - 40,547 psi; 83.5 per cent of average parent

material strength

Specified parent material strength - 42,000 pbi (see Fig. 12)
Average parent material strength - 48,637 psi

Test Description

Method of testing - tensile
Strain rates - 0.001 in. per sec

The method of mounting the shells inside the tank requires careful consideration. Depending on
the type of shell support inside the tank, the experimental collapse of a given shell will vary any-
where from 5 to 500 per cent of an infinitely long shell collapse pressure. These percentages de-
pend on the shell's ratio of ring depth to mean diameter (hiD) and its ratio of length to mean di-
ameter (LID).

There are four types of sheU end supports: rigid, simple, friction, and elastic (Fig. 13). Each
type of end support imposes a different shell end condition, which, in turn, usually changes the
experimental collapse strength of the shell There is, generally speaking, no one preferred type
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of shell support; they all have their value, depending on what the testing arrangement is supposed
to simulate. For this investigation, the friction type of end support was selected.

Shells are classified as infinitely long when their dimensions are such that a further increase
in length will not change their collapse pressure. Shells of interest to the Laboratory - that is,

shells whose L/D ratio is greater than 5 and whose h/D ratio is between 0.1 and 0.05 - are con-
sidered to be infinitely long shells.

Two approaches to shell testing are possible: the most straightforward, but more expensive,
approach requires experimental shells whose bulkhead lengths are more than five times their di-
ameters (L>5D) and whose ends are rigidly or simply supported; and a less accurate, but also
less expensive, approach that uses shorter shells equipped with friction end supports to simulate
the collapse strength of longer shells (L>SD).

The reasoning behind the second approach is based on the assumptibn that the collapse resist-
ance (psi of external pressure) of a short shell is actually the collapse resistance of an infinitely
long shell stiffened by the presence of friction end supports at each end of the shell. The stiffness
of the end rings, and the friction between the end rings and the closure plates, are calculable;
their effect on the shell collapse strength canbe subtracted from the over-all short sandwich shell
collapse pressure - the end result being the collapse pressure of a long sandwich shell. This type
of end support was used for the testing of both the small-scale acrylic resin shells and the large
aluminum shells. The stiffness of the end rings, and the friction between the end adapter rings

and closure plates, were different for the two types of shells; but, in each case, the variable

parameters were the same and could be calculated by the same equations.

TEST FACILITIES AT THE SOUTHWEST RESEARCH INSTITUTE

Pressurization System. The pressure tank in which the implosion testing of the shells was
conducted (Fig. 14) is located at the Mechanics Laboratory of SRL The dimensions of the tank are
30 in. in diameter by 150 in. long, and it is able to safely contain pressures up to 10,000 psi. The
tank is actually c* nposed of a section of straight thick tube threaded internally at both ends and
capped with solic steel discs. The sealing between the discs and the tube is accomplished by
standard 0 rings backed with steel expansion rings. The cap on the loading end of the tube has an
8-in.-diameter opening that permits observation of the inside of the shell during implosion testing.

The whole tank assembly is positioned inside a concrete-lined silo in the floor of thebuilding. with

the loading end of the tank being almost flush with the floor.

Instrumentation. To record the strains and deflections of the shell inside the pressure chamber,
several types of instruments are available at SRL However, electrical resistance strain gages and
strain-recording equipment were used exclusively for this investigation.

For the recording of strains indicated by the strain gages, an automatic scanner-recorder was
used, permitting the balancing and recording of 48 gage circuits in 1 min. The rapidity with which
all the strains could be read and recorded eliminated any discrepancies resulting from creep of
shell material or from creep of the adhesive with which the gages were attached to the shell.

The electrical-resistance strain gages were mounted on critical areas of the shell assembly.
The location and the identification of gages are shown in Figs. 15 and 16. Since all the strain gages
were mounted on the inside of the shell, only a temperature-compensating gage was required, and

the pressure-compehfsating gage was eliminated.

TESTING PROCEDURE FOR SHELL MODELS A AND A'

Both the instrumentation and testing procedures were planned to provide the greatest amount of
information possible. In addition to obtaining the collapse pressures of Models A and A', it was
desirable to obtain information about the influence of end conditions on collapse pressure.

The twin shells were assembled into one pressure vessel assembly capped at both ends with

friction-type end closure plates (Fig. 14). The assembly was placed inside the pressure chamber,

the chamber cover was screwed down tight, and the entrapped air in the chamber was bled off to



the atmosphere. After the chamber was checked for leakage, the oil inside the chamber was pres-
surized to 100 psi, and all the strain gages were balanced at that pressure. The pressurizing of
the oil in the tank and the recording of strains were performed simultaneously by two operators,
the pump operator following orders from the strain-recorder operator. Upon command, the pump
operator increased the pressure to 200 psi for the duration of the automatic scanner-recorder'a
strain-recording cycle. When the recording cycle was completed, the pressure was raised to 300
psi and the recording cycle was repeated. This procedure was repeated until a pressure of 1100
psi was reached.

At 1100 psi the strain recorder was disconnected and the pressure was cycled from 0 to 1100
psi 25 times. The cycling of pressure at 1100 psi eliminated any residual stresses caused by the
prior welding and heat treating of the shell assembly. After the cycling was completed, the strains
were recorded again in an identical manner to check for any creep or redistribution of strains that
might have occurred during the repeated pressure cycling. Upon completion of the pressure-cy-
cling, stress-relieving program, the shells were coupled in reverse order and again positioned
inside the pressure chamber to obtain some strain readings at the shell assembly ends resting
against the end closure plates. The comparison of circumferential strain readings at the center
and ends of the shell assembly showed the influence of the end adapter rings sliding upon the end
closure plates.

For the actual implosion test, the pressure was raised in 200-psi increments, and the strains
were recorded at each level. The pressure increases were continued until implosion of the shell
assembly occurred at 2300 psi. Both shells collapsed simtltaneously, so further testing was not
necessary. Figure 17 shows a collapsed shell; Fig. 18 shows the deformation of the shells after
implosion.

The collapsed shells were dissected (Figs. 19 and 20), and the thicknesses of the I-ring flanges
and webs were compared to the specifications (Fig. 12) to determine any possible deviations. Since
the welds comprise a large amount of filler material on the shell, coupons were cut from the im-
ploded shells and tested to destruction to determine their strength.

Experimental Results

SHELL STRAINS UNDER EXTERNAL PRESSURE

The strains recorded by the strain gages (Figs. 21 through 27) give considerable information
about the behavior of the shells under load. There was no difference between the readings of the
mid-bay strain gages at the beginning and end of the cycling test, so only one set of curves was
plotted (Figs. 21 through 24). These curves indicate that only a negligible amount of residual
stress was present; otherwise, the difference between the strains recorded at the beginning and at
the end of the test would have been noticeable, indicating that some realigning of stresses had
taken place. This realigning was expected because of the repeated elastic loading and unloading of
the shell structure, but the results do not bear this out. There is a considerable difference between
the strains at the shell mid-bays and at the shell ends, proving that individual shell ends are stiffer
than the I rings.

Both shells imploded simultaneously, but the rate of deformation and the extent of damage were
not the same. The strain gages at mid-bay locations did not indicate any noticeable difference in
circumferential strains, but the gages located at the ends of the shells showed a difference. When
the circumferential strains at the ends of the two shells were compared, it became apparent that
zhe ends deformed at different rates and thus supplied different amounts of restraint to the shells,
causing one to fail sooner than the other. The difference in the final amount of deformation can be
deduced from the measurements of the outside shell diameters at different points along the length
of the shell (Fig. 18). From the difference in the plastic deformation of the two shells, it is esti-
mated that the collapse strengths of the two shells differed by 50 to 100 psi, which in less than 5
per cent of the actual experimental collapse pressure of 2300 psi.
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DISSECTION OF IMPLODED SHELLS

An examination of the collapsed shell (Fig. 17) and of the dissected collapsed shell (Fig. 19) did
not indicate that any local buckling occurred before total collapse by general instability. Detailed
observation of the I-ring flanges and webs indicated that these members were in excellent condi-
tion. These results are of great importance, for they eliminate the need to consider the influence
of local instability on the buckling by general instability. The fact that local buckling did not occur
is the single most important result of this investigation. If local buckling were present, the com-
parison between theoretically predicted and experimentally determined collapse pressures would
be difficult. As mentioned previously, the theory developed in this report presupposes only the
existence of general instability unimpaired by the influence of failures caused by local buckling of
material.

To determine whether the shells actually represent the shell specified in Fig. 12, accurate
measurements of the I-ring flanges, webs, and web spacings were made at various locations. The
measurements failed to disclose any deviation from the specifications. Coupons were cut at various
locations and subjected to tensile tests in a hydraulic press (refer to Table U). Both the material
and the welds were found to surpass the specification tolerances by approximately 20 per cent.

Comparison of Experimental and Theoretical Results

Figure 28 compares the collapse pressure calculated by means of Eq. 3 with the collapse
pressure obtained experimentally. The corrected theoretical collapse pressure for the two shells
almost coincides with the experimental collapse pressure. Figure 28 actually shows the relation-
ship between the over-all depth of a sandwich wall and the collapse pressure, providing the cross-
sectional area of the sandwich wall remains constant as the depth of the wall varies. Such a graph
is especially useful in the design of sandwich shells, and was used in designing Models A and A'.
Once Eq. 3 has been plotted, it is easy to select the optimum wall depth for a shell of given outside
diameter, material, and weight. The optimum wall depth (denoted in calculations by h, Fig. 2) is
represented by the sandwich wall that provides the most rigidity for the shell and occupies the least
internal shell volume. The optimum wall depth for the aluminum shells is shown in Fig. 28 and
that for the acrylic resin shell, in Fig. 29.

For the aluminum shells, a point on the graph (Fig. 28) has been selected whepe the rate of
gain in resistance to collapse is the least and the rate of increase in the wall depth, h, is the
greatest. This point is located immediately after the change-over from the linear slope to the al-
most horizontal slope in Fig. 28. This point also represents the shell wall depth that gives the
maximum internal shell diameter. Selection of any other point on the graph will result in a shell
that has considerably lower collapse pressure and slightly larger internal diameter, or in-a shell
that has slightly higher collapse pressure but considerably smaller inside diameter.

For the plotting of Eq. 3, it was necessary to obtain data on the behavior of both 6061 -T6 alumi-
num alloy and acrylic resin. These data consisted of three curves: a stress-strain curve, a tan-
gent-modulus-of-elasticity-ve-stress curve, and a Poisson's-ratio-vs-stress curve. The first two
curves for 6061-T16 aluminum alloy were obtained from Alcoa Research Laboratories, and the
most important one is reproduced in Fig. 30. Since a literature search failed to unearth any data
on the third curve and since funds were not available to determine it experimentally, the curve of
Fig. 30 was plotted by means of Poisson's ratio for zero stress level, obtained from Alcoa. It was
assumed that the error introduced by this simplification is of only minor magnitude. The assump-
tion that the error introduced by the use of p& instead of , is small is based on the known change
of Poisson's ratio for 2014-T6 aluminum alloy. Poisson's ratio at a given strain level of this alloy
increases to 0.4 in the intermediate plastic strain region. If this ratio also becomes 0.4 for
6061-T6 aluminum alloy in the intermediate plastic strain region, failure to take this into account
would introduce only a 6 per cent error in the calculated collapse pressure of the shell. The data
for the determination of the tangent modulus of elasticity for acrylic resin were obtained experi-
mentally, and are presented in Fig. 31.

When comparison is made between the theoretical and experimental collapse pressures, a
distinction must be made between experimental values and corrected experimental values. The

11



recorded experimental collapse pressures must be corrected to take into account the reinforce-

ment of the shell by individual shell joints, end adapter rings, and friction end closure plates. If
corrections were not made for this strengthening effect, the experimentally obtained collapse
values would not represent the collapse pressure of a long shell, but would represent the collapse
pressure of a short section stiffened at the ends, for which Eq. 3 is not applicable. When all the end
conditions were taken into account, the collapse strength of the aluminum shell assembly tested
was calculated to be 380 psi greater than that of an infinitely long shell of the same design. The
difference between the corrected, experimentally obtained, collapse pressure and the collapse
pressure predicted on the basis of Eq. 3 is 80 psi, which is less than 5 per cent, and thus satis-
factory for engineering design purposes.

The corrected collapse pressure of Fig. 28 shows very close agreement with the collapse value
theoretically calculated on the basis of the modified Bresse equation (Eq. 3). However, because
some of the assumptions on which the corrections are based may contain inaccuracies, the coin-
cidence of the two values alone is not construed as absolute proof that Eq. 3 predicts the general-
instability collapse pressure of a cellular sandwich shell.

Further evidence that Eq. 3 predicts the general-instability collapse of sandwich shells was
obtained from calculation of the collapse pressure of the acrylic resin sandwich shell (Fig. 29)
and from calculation of the collapse pressure of steel cellular shells tested by the David Taylor
Model Basin(12). The experiments performed at DTMB utilized steel shells of similar sandwich
construction but of different h/D ratios; and their collapse pressures, when recalculated by means
of Eq. 3, also agree with the experimental collapse pressures.

When all this experimental evidence is taken into consideration, it can be stated that sufficient
support exists to substantiate the hypothesis that Eq. 3 accurately predicts the general-instability
collapse of cellular sandwich shells.

Summary and Conclusions

Both aluminum cellular sandwich shells collapsed at 2300 psi because of general instability.
When this pressure was corrected for the reinforcing effect of joint rings and friction-type end
supports, a corrected collapse pressure of 1920 psi was obtained. The corrected experimental
collapse pressure of 1920 psi, when compared with the collapse pressure of 2000 psi calculated
by the modified Bresse equation, shows little difference. Similar results were obtained when the
corrected experimental collapse pressure of the acrylic resin cellular sandwich shell was com-
pared with the collapse pressure calculated by the modified Bresse equation. In both cases, the
accuracy of the modified Bresse equation is less than 5 per cent.

It is concluded that the modified Breese equation accurately predicts the general-instability
collapse pressure of infinitely long cellular sandwich shells. This conclusion is based on the com-
parison of theoretically and experimentally determined collapse pressures. Although the modified
Bresse equation is intended for infinitely long cellular sandwich shells, it can also be used for
short shells provided the proper corrections for end conditions are made.

The modified Breese equation is limited to the collapse of cellular sandwich shells by general
instability. However, there are many other types of shell failure that should be investigated: local
buckling of ring flanges, local buck"n of ring webs. or local-yielding of the shell material- The
greatest impediment to these investigations is the lack of well documented implosion-test data for
cellular sandwich shells of different lengths and diameters. Both experimental and theoretical
approaches are necessary to obtain workable design equations for cellular sandwich shells.
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Abstract

SIX ACRYLIC resin cellular shells were tested under
external hydrostatic pressure to determine the effects of
joints between individual shell structure components and
the effects of bonding on cellular shell stability. When
the shell stiffeners were restrained from moving laterally,
the location of joints and the degree of bonding did not affect
the general elatic stability enoigh to cause failure by
elastic buckling. All shells failed by material yielding ex-
cept the one in which the stiffeners were not restrained
from moving laterally. However, the distribution of stresses
and strains on the other shell surfaces was considerably
influenced by the location of joints and the degree of bonding.
The shell stresses were calculated by Pulos' and Mehta's
formulas and compared with the experimentally determined
stresses. The calculated and experimental values agreed
within ± 15 per cent except for the principal axial stresses
on the shell facings at the stiffeners. Four epoxy resin
models of the cellular shells were pressure-tested and ana-
lyzed photoelastically to determine the effects of stress
concentrations at the junctures of te stiffeners and the
inner and outer shell facings.
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siderably influenced by these structural factors. The difference between strains and stresses
(Figs. 14 through 19) in the various models indicates the presence of different edge conditions.
Since the stress-strain relationship of acrylic resin (Fig. 20) ceases to be linear at stresses
above 10,000 psi, which corresponds to approximately 1000 psi of external hydrostatic pressure,
the curves have not been plotted beyond these values.

The least variation in principal circumferential stresses occurred on the external shell facing
above the stiffeners. The greatest variation in principal circumferential stresses took place on
the internal facing of the shell at midway between stiffeners. The principal stresses in the axial
direction differed at all locations among the shell models.

Calculation of Stresses in Cellular Shells

The distribution of stresses in cellular shells can be calculated by either Pulos' or Mehta's
method of stress analysis(2, 3). Pulos' analysis is based on the application of edge coefficients
of the cellular wall module; the shell is divided into annular stiffeners and short inner and outer
cylindrical facing elements between the stiffeners. Mehta's solution is simpler and does not apply
edge coefficients; the cellular shell is broken down into continuous inner and outer cylindrical
shell facings and individual annular stiffeners. In both methods of analysis, the equilibrium and
compatibility conditions are used to determine the forces and moments at the junctures of the
shell elements. The shell stresses calculated by both methods agree within ± 15 per cent (Figs. 21
and 22).

Comparison of Calculated and Experimental Results

The calculated and experimentally determined stresses for the acrylic resin shells agree
within ± 15 per cent except for the principal axial stresses on the outer surface of the outer facing,
and on the inner surface of the inner facing, at the stiffeners. The discrepancies at these locations
are large - from 200 to 300 per cent - but this can be explained by the use of 1/4-in. SR-4 strain-
gage rosettes for the measurement of strains. Since the maximum calculated stresses at these
points apply only to stress peaks on the shell facings along the centerline of the stiffeners, they
cannot be accurately feasured by 1/4-in. SR-4 strain gages. If 1/64-in. SR-4 gages were used,
probably there would be better agreement between calculated and experimentally determined

results at these points.
Evidence that the SR-4 gages were responsible for the large discrepancies can be found in

test data obtained from larger diameter shells in which 1/4-in. SR-4 gages were used. In tests(4)
of a large diameter aluminum shell (Model F), 1/4-in. SR-4 rosettes were used to measure the
stress peaks on the shell facings at the stiffeners. The stiffeners were thicker than those of the
acrylic resin shells, and thus the 1/4-in. SR-4 rosettes were able to measure the peak stresses
on the shell facings at the stiffeners more accurately. When the calculated and experimentally

determined stresses were plotted on the same pressure-stress coordinates, the agreement was
better (Fig. 23).

The agreement between calculated and experimental stresses may also depend on the h/Rc

ratio of the shell. Theh/Rcratioof the aluminum cellular shell is 1/10, whereas that of the acrylic

resin shells is 1/4. This means that the Model F shell is a thin-wall shell and that the acrylic

resin shells are thick-wall shells with different stress distributions.
Another factor in the agreement between calculated and experimentally determined stresses

is the machining tolerances specified in the design of a shell. In the machining of the aluminum

and acrylic resin shells, these tolerances amounted to as much as ±15 per cent of the outside or

inside facing thicknesses. Since all the stresses were calculated for nominal facing and stiffener

thicknesses, the machining tolerances alone could cause a difference of ±15 per cent between

calculated and experimentally determined stresses.
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When all the sources of error are taken into account, it can be concluded that the differenc
between the calculated and experimentally determined stresses for the acrylic resin shells is n(
significant. It can be further concluded that both Pulos' and Mehta's stress analyses can be use
in the design of cellular shells, provided a minimum safety margin of 1.5 is used. This safet
mqrgin is based on the assumption that the material properties may var-y from the average valu
by 15 per cent, that the machined surfaces may vary from the nominal size by 20 per cent, ar
that the calculated stresses may vary from .he actual stresses by 15 per cent. In the absence (
further experimental evidence, neither Pulos' nor Mehta's analysis can be considered superio:

Photoelastic Analysis of Stress Concentrations in Cellular Shells

Photoelastic analysis(5) of stress concentrations is superior tothe electric strain gage metho
of analysis. The latter method, which was used to record the stresses in the acrylic resin shell,
has the disadvantage that the section in which a stress concentration occurs must be known be
forehand so that the strain gage can be positioned properly. Since the strain gages are large, the
measure only the average strains of the area covered, not the peak strains. The photoelasti
method, however, permits analysis of both average and peak strains in a given shell section. Th
stresses, when permanently frozen into the material during the load application, become visibl
when the section is exposed to polarized light (Figs. 24 and 25).

Although acrylic resin is a photoelastjcally active material, it does not lend itself to freezin
of stresses. Epoxy resin is a more photoelastically sensitive material, and permits the freezin
in of stresses; therefore, it was selected as the construction material for four cellular she.
models. These shells (Fig. 26), which are approximately 1/5-scale models of the ORL cellula
shells, were ubjected to an intricate wax investment casting process and machined to size.

The shells were pressurized at temperatures sufficient to soften the shell material. Whil
still under hydrostatic pressure, the shells were gradually cooled so that the stresses could b
frozen in. Sections of the shell material were then removed from the shell, polished, exposed t
polarized light, and photographed. All these operations, including casting and machining of th
shells, were performed by the Department of Engineering Mechanics at The Pennsylvania Stat
University (6).

Figures 24, 25, and 27 show the stress concentrations introduced into the shell structure b
the presence of small radii fillets and rigid end closures. It should be noted that these photograph
show only the maximum shear stresses in the axial plane of the shell; the influence of circum
ferential stresses on the magnitude and location of the fringes has been eliminated from th
photograph. Photoelastic analysis of the shear stresses in the circumferential plane of the she
would require shell slices in the circumferential plane of the shell. Since the stress concentratior
at the junctures of the annular stiffeners and the shell facings and of the rigid end closures an
shell facings are primarily due to the flexure of the facings between the stiffeners, slices in th
axial plane only were taken. The rigid end closures generate stress concentrations (Figs. 27 an
28) that are much more severe than those at the junctures of the shell facings and annular stiff
eners. Therefore, all the other shells tested at ORL employed nonrigid end closures on which th
shell ends could slide during the test.

In addition to the stress concentrations at the junctures of the stiffeners and facings, it i
important to know the relationship between the radius of the fillet and the magnitude of the stres
concentration in both the elastic and plastic strain regions of the construction material. SeverE
T-sections of various filh t radii were machined from epoxy resin to determine tyis relationship
These sections were subjected to bending and compressive loading and then analyzed photoelasti
cally (Figs. 29 and 30); Figs. 31 through 35 are plots of the experimental data.

Figures 31 through 35 show that the fillet radius at the juncture of the stiffener and the facing.
(Fig. 32) influences the radial compressive stresses in the annular stiffeners and the flexur'
stresses at the stiffeners more than it affects the axial stresses. The axial compressive stresse
in the facings are influenced to a much less degree by the radius of the fillet (Figs. 31 through 33)
However, it can be concluded that if r/tr > 1/8 the stress concentrations caused by the bending c
facings, axial compression of facings, and radial compression of the stiffeners will be less tha
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1.25. Stress concentration factors of such magnitude can certainly be tolerated. If rit r decreases
to 1/16, however, the situation changes drastically; the stress concentration factor then approaches
2, and cannot be tolerated in brittle shell materials.

The magnitude of stresses at the stress concentration point changes when the stresses load
the construction material so that it behaves plastically instead of elastically. Generally, the high

stresses at the stress concentration points will cause the material to yield locally, redistributing
the stresses in the material. This causes the stresses to increase in the elastic sections and to
decrease in the plastic sections. The more ductile the material, the more pronounced this effect
will be. Therefore, in ductile materials, the stress concentrations caused by sharp-radii fillets
are not as serious as they are in more brittle materials.

Although the behavior of materials in the plastic strain range can be investigated photoelas-
tically, it is difficult to apply the results to nonphotoelastic materials, such as those generally
used for underwater-vehicle shells. The results cannot be transferred directly because the stress-
strain curves of the two materials differ nonlinearly in the plastic strain regions. On the other
hand, the photoelastically determined stresses in the elastic strain region can be used to predict
the magnitude of stresses in nonphotoelastic materials, provided the shells are in some scaled
relationship. Thus, when the material in which the strains occur shifts from elastic to plastic
behavior (Fig. 35), photoelastic analysis is of only qualitative value for the calculation of stresses
in an aluminum cellular shell.

Conclusions

The following conclusions were reached on the basis of pressure tests, stress analyses, and
photoelastic analysis:

I. The stability of the cellular shells tested is not affected by unbonded joints at the juncture

of the annular stiffeners and the inner and outer shell facings provided the stiffeners are re-

strained from moving lpterally.
2. The correlation between calculated and experimentally determined stresses is fairly good,

being better for the larger diameter aluminum shell than for the plastic shells.

3. The greatest disagreement between calculated and experimentally determined stresses
occurred along the axis of the shell on the outer surface of the outside facing, and on the inner
surface of the inside facing, at the stiffeners. This disagreement was caused by failure of the
large SR-4 gages to measure the peak stresses accurately and by the presence of shell joints
not accounted for in the stress analysis theory. The correlation is better for the larger diameter
aluminum shell than for the acrylic resin shells.

4. The least disagreement between calculated and experimentally determined stresses occurred
along the circumference of the shell on the outer surface of the outer facing, and on the inner

surface of the inner facing, at the stiffeners. Pulos' and Mehta's analyses predict similar stresses

at these points.

5. When the fillet radius at the juncture of the stiffeners and facings is small, serious stress
concentrations are present at these points along the axis of the cellular shell. A fillet radius of
r/tr > 1/8 is required to keep the stress concentration factors below 1.5.

6. The stress concentrations at very rigid shell closures are considerably greater than those

at other points along the shell length. The use of rigid shell closures and shell joints in cellular

shells should be avoided.
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The Effects of Shell Joints and Bonding on the Stability
of Acrylic Resin Cellular Shells

Introduction

L 2 DERWATER vehicles require shells that are elastically stable and capable of withstanding
large axial and circumferential compressive stresses. Elastic stability can be provided by an
otutimailv stable shell design, but compressive strength requires materials of high compressive
yield strengths. Since most underwater vehicles must carry large payloads, the requirements of
iow shell weight and la-ge internal useful volume must be added to these structural requirements.

Although structural materials with high compressive yield streng. 3 are available, they cannot
:e used efficiently in ring-stiffened cylindrical shells. This construction requires more material
:nan is neceasarv to reduce the compressive stresses just below the yield strength of these ma-
terials. Obviously, a shell design that utilizes the compressive strength of premium material more
fulv than the ring-stiffened design is desirahle.

The cellular shell, or circumfe;'entirlly stiffened sandwich shell (Fig. 1), permits stressing
uf t -le construction material to its yield point without premature fa..ure because of general in-
stablitv. In tests performed at the Ordnance Research Laboratory, cellular shell construction
was proved to provide more elastic stability and compressive strength than ring-stiffened shells
or axially stiffened sandwich shells of the same weight, outside diameter, inside diameter, and
coristruction material(l :. This report desc, ibes the continuation of these tests, and is -_oncerned
with the effects of joints between individual shell structure components and with the effects of
bonding on cellular shell stability, particularly the theoretical and experimental determination of
stress concentrations.

Effects of Joints and Bonding on Shell Stability

Six acrylic resin cellular shells were zonstructed to determine the relative merits of the
different types of joints and methods of bonding (Figs. 2 and 3). These shells were of the same
size and weight as the acrylic resin cellular shell of the previous test series(l) and were im-
ploded under the same conditions. Although the cellular shell is of comparatively simple con-
struction (concentric cylinders separated by stiffeners), the location and strength of joints between
structural components may va-y considerably. The following methocs were used to fabricate the
acrylic resin cellular shells:

Model 6 - smooth tube slip-fitted over an externally ribbed tube
(Fig. 4);

Model 7 - internally ribbed tube slip-fitted cver a smooth tube
(Fig. 5);

Model 8 - stacked H-ring modules (Fig. 6);
Model 9 - stacked U-ring modules (Fig. 7);

*Numbers in parentheses refer to References at the end of this report.
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Model 10 - annular stiffeners, inserted between concentric tubes-
these annular stiffeners fitted loosely and were separated
by three spacers located 120 deg anart (Fig. 8); and

Model 11 - stacked concentric rings and spacers (Figs. 9 and 10).

Strain gages were mounted on the shells (Fig. 11), and the shells were subjected to externa
hydrostatic pressure in a small pressure tank (Fig. 12). Both ends of the shells were closed wit

end closure plates that permitted the ends of the shell to contract while under external pressur

(Fig. 13), and both stresses and strains were recorded during the tests. Unbonded joints wer(

taped with 3M electrical insulation tape to prevent leaking. Table I lists the implosion pressure

structuial efficiency (7),* and material strength utilization (qi)** of the shells.

TABLE I

IMPLOSION-TEST RESULTS

Implosion Material Strength
Pressure Structural Utilization

Model (psi) Efficiency (per cent)

6 1600 1.59 x 105 100

7 1600 1.59 x 105 100

8 1600 1.59 x 105 100

P 1600 1.59 x 105 100

10 1200 1.19 x 105 76

11 1610 1.59 x 105 100

GENERAL ELASTIC STABILITY

All models failed by material yielding except Model 10, the cellular shell in which the stiffeners
were not restrained from moving laterally. Table I shows that the other shells imploded at ap-

proximately the same pressure. However, these pressures were approximately 50 psi lower than
that of Model 5, the all-bonded cellular shell tested in the previous acrylic resin test series (1).

The 50-psi difference in implosion pressures can be explained by a 5-deg difference in temperature
between the pressurizing media used in the two tests. When the decrease in material strengtl

caused by this temperature difference is taken into consideration, it can be stated that Models (
through 9 and Model 11 were equal in elastic stability to Model 5, which had an 77 of 1.64 x 101

and a p of 100 per cent. The location of joints and the lack of bonding do not seem to influenc

the general elastic stability of cellular shells as long as the stiffeners are restrained from movinj

laterally. Model 10, on the other hand, failed at a much lower pressure because the annula

stiffeners were not restrained along their whole circumference but were kept in place by onlI

three spacers located 120 deg apart.

DISTRIBUTION OF STRESSES AND STRAINS

Although the general elastic stability of the shell was not affected by the location of the joint,

and the lack of bonding, the distribution of stresses and strains on the shell surface was con-

* ' =collapse pressure x (hull displacement/weight of shell).

** = (experimental collapse pressure) (outside diameter)/2 (average thickness of solid portion of

shell wall) (yield strength). The yield strength was measured at the temperature of the water

used in the test.
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Fig. 3 -Acrylic Resin Cellular Sandwich Shell
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F'ig. 5 -Acrylic Resin Tubular Sandwich Shell
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Fig. 6 -Acrylic Resin Smooth Shell
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Fig. 18 - Deformation of Cellular Sandwich Shells after Implosion



Fig. 19 - Dissected Collapsed Shell (Model A)
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FIg. 4 -Assembly of Model 6
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Fig. 5 - Assembly of Model 7
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Fig. 6 -Assembly of Model 8



Fig. 7 - U-Ring Module Used in Assembly of Model 9
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Fig. 8 - Detail of Model 10 Assembly
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Fig. 10 - Assembly of Model 11
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Fig. 24 -Photoelastic Fringes Obtained with Rectangular-Cell Epoxy Resin Shell



Fig. 25 -Photoelastic Fringes Obtained with Square-Cell Epoxy Resin Shell
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Fig. 27 -Detail of Square-Cell Epoxy Resin Shell
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STRESS ANALYSIS OF RING-STIFFENED SANDWICH
SHELLS SUBJECTED TO UNIFORM

EXTERNAL PRESSURE* t

G. U. OPPEL and P. K. MEHTA

The Pennsylvania State University,
Department of Engineering Mechanics, University Park, Pa., U.S.A.

(Received 28 January 1963; in revised form 25 March 1963)

Summary-This paper gives an analytical method for computing the axisymmetric
elastic deformations and stresses in ring-stiffened sandwich shells subjected to uniform
external pressure as shown in Fig. 1. The analysis ignores the stress concentrations

FIG. 1. Geometrical configuration of a ring-stiffened sandwich shell.

occurring at the junctures o' the ring-stiffeners and the shell walls. For design calculations,
the effect of the stress concentration is taken into consideration by experimentally
determining the stress concentration factors. These stress concentration factors have
approximately been determined by employing two-dimensional photoelastic models. A
numerical example illustrating the method of computing the yield strength of a model is
also included. This example shows how the analytical solution is used in conjunction with
the experimentally determined stress concentration factors.

In the solution given in this paper, the stress analysis of the shell is made by considering
the outer and inner cylinders and the ring-stiffeners under the applied external load and
the rib reactions, as shown in Fig. 3, using known results of the usual shell theory' and
Lame's solution for thick-walled cylinders.' The rib reactions are determined by applying
the conditions of equilibrium and structural continuity at the junctures of the shell walls
and the ring stiffeners. Pulos has developed a solution for this problem by analyzing the
component parts, as illustrated in Fig. 2, and using edge-coefficients for shell elements of
finite length. The stress values for a model shell calculated by these two theoretical
methods show an equally good agreement (Figs. 14, 15).

INTRODUCTION

THe study presented in this paperforms apart of a broader programme undertaken
to develop engineering design criteria for ring-stiffened sandwich type of shell

* This work was supported by the Ordnance Research Laboratory under the Department
of the Navy, Bureau of Naval Weapons, Contract NOrd 16597.

335
t Reprinted with permision from the interatlional Journal of Mechanical Sciences, Volume S. by G. U. Oppel
and P. K. Mebta, "Stress Analysis of Rinl-Stiffened Sandwich Shells Subjected to Uniform Xtenmal Pressure."
Copyright 1963, Pergamon Press plc.
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construction for pressure vessel applications. This type of shell construction
seemed desirable from the viewpoint of material economy for pressure vessels
designed to withstand large external pressures.

In the war and postwar years, the solid core sandwich construction became
commercially feasible as a result of new developments in fabrication techniques.
Theoretical and experimental studies were made in the past decade on the solid
core sandwich shells and are reviewed in Refs. 1 and 2. However, very little
material is available on the ring-stiffened sandwich shells. Fulton' and Stachiw 3

F /2 F. /2 P.

Outer Cylinder

SRib

Fi rnner Cylinder

M i  Mi

F,/2 Fi/2

FIG. 2. Free-body diagram showing forces and moments acting on cylinder
and rib elements of a ring-stiffened sandwich shell. 4

studied the general instability strength of these shells but not the elastic yield
strength behaviour. When the present study was nearly completed, the authors
found a publication by PuIos 4 which gives the theoretical solution of the same
problem. Pulos' approach to the problem will now be briefly reviewed in order
to see how the authors' solution differs from that of Pulos.

Pulos' solution is based on the use of edge coefficients. As shown in Fig. 2,
he splits up the complex shell structure into stiffeners and short outer and inner
cylindrical elements between the adjacent ribs. The displacements occurring
in each of these structural elements are known from the existing theory in
terms of unknown forces and moments acting at the common junctures of the
elements. These forces and moments are then determined by satisfying the
equilibrium and compatibility relations at the common junctures. Knowing
these forces and moments, stresses and deformation in each structural element
can be obtained.

The authors' solution, on the other hand, does not make use of edge co-
efficients. Unlike in Pulos' solution, the outer and inner cylinders are not split
up into small cylindrical elements between the adjacent ring-stiffeners as shown
in Fig. 3. The shell structure is broken down only into the outer and inner
cylinders and the stiffeners. The unknown reactions at the common junctures
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of the two cylinders and the stiffeners are determined bv satisfying the equili-
brium and compatibility conditions at, these junctures. Knowing these re-
actions, the solutions for the cylinders and the stiffeners are written down from
the existing results of the shell theory. This approach has led to a solution
which, unlike Pulos' solution, does not involve hyperbolic trigonometric func-
tions. A comparison of the results obtained from these two solutions is given
at the end of this paper.

In what follows, a ring-stiffened sandwich shell will be referred to as a
cellular shell, ring-stiffeners as ribs or webs, the outer and inner cylinders as
shell walls, a single-walled cylindrical shell of constant thickness as a smooth
shell and a bay of the cellular shell as a cell.

P.

IF. Outer Cylinder

Rib t

Fi WInner Cylinder

FIG. 3. Free-body diagram for radial fore, acting on the outer and
inner cylinders and ribs of a ring-stiffened sandwich shell.

In the following analytical solution it is assumed that the cellular shell is
a long one. so that the solution is applicable to a typical cell of the shell only.
It is also assumed that the ribs transmit the load from the outer wall to the
inner one without buckling and that the rib reactions F0 and 1 (Fig. 3) are
the same for all the ribs. Furthermore, the beam-column effect caused by the
external axial pressure and the stress concentrations at the wall and rib junc-
tures are neglected in this analysis. Finally, the external axial load is assumed
to be shared by the shell walls in proportion to their thicknesses; this assump-
tion will be in close agreement with the exact condition for practical cellular
shell configurations for which the ratio of the wall spacing to the mean radius
of the shell is not very large.

NOTATIONS AND ABBREVIATIONS

x, , z longitudinal, circumferential and radial directions
w radial displacement
p, external pressure

PF, F, rib reactions
c,, o longitudinal and circumferential normal stresses

,r shearing stress
NE. N# normal membrane forces per unit length in x. and #-directions

Q transverse shearing force per unit length
E modulus of elasticity in tension and compression
p Poisson's ratio
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Subscripts

o = outer. i = inner, w = web (or rib), b = bending, m = membrane

Superscripts

c = cylinder, w = web (or rib). r = radial pressure, a = axial pressure, F = rib
reaction forces

Abbreviations
Et3

D = = flexural rigidity of the shell plating (1)12 (1 - W2)

84Et 3(l- p)(2

4R 2 D = t2 R'

O(x) = e-Oz(cosp8x+sinpfx)

O(x) = e-8z(cos fx- sinpx) (3)
O(x) = e-Sz(cosgx)

(x) = e-gx(sin fix)

f(x) = #(x)+O(s-x)+(8+x)+I(28-x)+(28+x)+... (4)

I d 2f(x)
k(x) 0(.-)+0(s-x)+0(s+x)+ 0(2s-x)++(2s+X)+ .... 2fl, dx2  (5)

~~1 daf(x) (6

m(x) = O(x)-0(s-x)+6(8+x)-0(2s-x)+0(28+x)- dx (6)

( _-2 ) (R2°-R2) = (1 - IE
2 ) (Ro+Rj)h

Et. Et.,

A u(R2-R ) p(Ro + R,) h AMe(O f,(O)
8 8 R, D, ' RDi f, (7)

(R2 +R) 2R2 [] A, = ,Rl R,
8E It- £ T(t, +t)J' E(to + t,)

, =A 1 +A2(A3-A4)+A( 3+AE)+t. A, A4  (8)

A+ = [s( 2 +E)+- AA]-- + A, (9)

E[w A , AA, + (10)

ELASTIC DEFORMATIONS AND STRESSES IN CELLULAR

SHELLS UNDER UNIFORM EXTERNAL PRESSURE

To stress analyze the cellular shell of Fig. 1, the forces acting on its
component parts will now be considered as shown in Fig. 3. Unknown rib

reactions or ring-loads are introduced at the common junctures of the walls

and the ribs.
The displacement of the outer wall consists of three parts: wo caused by

the external radial pressure, z& caused by the external axial pressure and
u4 caused by the ring-loads F. Then the resultant displacement wc of the

middle surface of the outer wall is (Fig. 4)

Numerical values of these functions are given in Table 84 of Ref. 6.
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Similarly, for the inner wall (Fig. 4)

= + (12)

The following sign convention is now introduced in order to calculate the
components of the displacements: the radially outwards displacements are

(a) Outer Cylinder (b) Inner Cylinder

W.P

.. t i t It I i. t . F F

F.L_______
F. F. F.

- .-% Resultant Displacement

FIG. 4. Displacements of middle surfaces of the outer and inner cylinders
under the imposed and reaction loads and resultant displacements.

(a) Displacements of the outer wall caused by
(i? external radial pressure p. = w.

(ii) external axial pressure p, = w0
(iii) rib reaction forces F = uF

and the resultant displacement = w .

(b) Displacement of the inner wall caused by
(i) external axial pressure p, = u,

(ii) rib reaction forces F, = wr
and the resultant displacement = u',.

positive and radially inwards displacements are negative. Then the radial
contraction of the outer cylinder due to the external radial pressure is

= Et°  (a)

Assuming that the two cylinders share the external axial load in proportion
to their thicknesses, the radial expansion of the outer cylinder due to the
external axial pressure is

u10 = 1A E(t +t1 ) (b)

and the radial expansion of the inner cylinder due to the external axial pressure
is

Ua=A-P0 R02(cu = 2(t,, -4 ti)

Now based on the small deflexion theory and neglecting the beam-column
effect caused by the external axial pressure, the governing differential equation
for a single-walled cylindrical shell is6

d 4 U + 4L w = Z ,(d)
dx= D RD

where Z =external load normal to the cylindrical surface. Solution of
equation (d) for the ring-load uniformly distributed in a plane section around

24

I
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the circumference of the shell, as shown in Fig. 5, is'

8, p FeDI (sin Px +cos Px) = FOX e
FF _ X F

7z
2Rz

FIG. 5. A single-walled cylindrical shell of constant thickness subjected
to a ring-load.

Then the deflexions u' and uT of the outer and inner walls caused by the rib

reactions F0 and Fi can be shown to be

UIF = F~o [0o e(x) -4--,$(8 - x) + oIS + x) + 0o(2s - x) + 4$o(2s + x)+..

Fo
- 8D0~ofO() (f)

uF - - [$,(x) + (s -x) +i( +x) +(2s-x) +i(2s +x)+...]

- i gD 3 PfX) (g)

Substituting values of displacements from equations (a), (b) and (f) in

equation (11) and from equations (c) and (g) in equation (12), the expressions

for the outer and inner wall deflexions become

[to 8 ooo fo(X )  (13)

and po R0 F.
I' = 2E(to+ti) 8Dig ff'(# ) (14)

The displacements of a rib due to the reactions F and Fi can be calculated

by considering the rib as a circular annulus subjected to external pressure

po = Fo/tw and internal pressure p1 = Flt,, and using Lame's solution of a thick-

walled cylinder as given by Timoshenko 5 . For a thick-walled cylinder, the

displacement equation is

" T 7[ 0-oR J - t ( --o- T.) !A r (h)
u EL R2 E 1(R2-~)J

where r is the radial co-ordinate of the point in question. The outer and inner

displacements of the rib are obtained by placing r = R. and r = Ri, respectively,



Stress analysis of ring-stiffened sandwich shells 341

in equation (h) and also P, = FotW and P = Fit,.. Then
2R,) R? R o  R

u' " = FE 1 FRt 0R )I(R 2
- R)-(R2+R9)] (15)

0 Et,(R2- R9 0 tR2-R

uT = F. R (R2-RM)+(R2 + M)] - o 2R°Ri (16)

For structural continuity the rib displacements must be equal to the wall
displacements at the rib location (x = 0). That is

(w) 0o= ww and e wF (17)

Po F*,, P,

°p -

FIG. 6. Loads on a rib considered as a circular annulus.

Substituting the values of deflexions from equations (13) and (15) in the
first of equations (17) and the values of deflexions from equations (14) and (16)
in the second of equations (17), the following two equations for F0 and F1 are
obtained:

(~~ A 2  ! 8 -4 t A 215) _ I
4Et, A 8 [EttA! AJ2R

A&itwA2 t i 2rR

where the A., have been defined under the abbreviations. Solving equations (18)
for F and F and introducing A defined in equations (8), (9) and (10),

F0 = - p0 and = (19)

The stress analysis of the cellular shell can now be performed. From the
shell theory given in Ref. (6) and equation (5), the longitudinal bending
moments for the outer and inner walls are given by

3 -1 Do d2 o ko(x), 3I. Di L =--'k(x) (20)
-- x2 4flo 

d 2u
P
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and the circumferential bending moments are given by

1o = ,'1-1_o and - = IJ1, (21)

Similarly, using equation (6), the transverse shear forces in the outer and
inner walls are, respectively,

da u, Fo d3 u< F.
Qo = -D---- .mo(x) and Qj = -Di dxaMi(x) = - Mn(x) (22)

The transverse shear stresses in the outer and inner walls are6

6Q° it2 +z) nd 6Q.
-QO ;j -to Z±+2 ) and -i = -i-ti ~ (23)

The maximum transverse shear stresses occur at z = 0, or

(TO)MaX 3 - o yo(x) and (7ri)max = 3 ymi(X) (24)(T)ax= 4 to  4= t

It was assumed in the beginning that the outer and inner shell walls share
the axial external load in proportion to their thicknesses. By this assumption
the longitudinal normal membrane forces become

Ro to R t.

N'o POR 0 and NV -0 1j (25)
.\ -p 2 (to +ti) and ( -o2 to+ ti )  (5

Then the circumferential membrane forces are

Et u- Et o u' R0  to
____10 0 0 0 1PRo +#\o= R o  f'2 (to + t ) p  (26
Eti'. ' Etj'! u, j R.2 t. (6

Ri +' = Rj 2R i (to' + p °

Dividing these membrane forces by the corresponding wall thicknesses the
corresponding membrane stresses are obtained, or

R- o R R2(27)

ar,,o Po2(to +t), a"t = -Po2Rj(to +ti)

E uo po Ro 0  - E I uw t po R28° mo R 2 (to + ti)'am R i  2.Ri(t o + ti) (8

The resultant normal stresses are obtained by summing up the corresponding
bending and membrane stresses. Then the longitudinal normal stresses are

12.,Iz poRo 1
ae = abe+ am° = ± . 2(t°+ti) 

(29)
12M11.z Po~ R07. = =xb + 12Mmz porto

CT °bi + az i -- ± 2Rj(to + ti)

Similarly, the circumferential normal stresses are

12M31 z Elw ! po Ro
a 00 = o#N° + a o -° = ± -ko  -(to +  t )

'a UM z Eiul PO R0(30)
ar~ i a o b O mb i, = t 4 i 2 R d t i
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The normal stresses on the extreme fibers are give.i by placing z t, or
ti 2. as the case may be, in equations (29) and (30). The.

0) +631.o 11o Ro 6_111i Po R11
(a = x x - t2 2(t (a.) = t ± 2R - o (31)

and

(oex -6M~o E u' ) P0 Ro
- R0 MPotRt0%) =- R0 2 :to + ti) (2

6110i E u _.__P _ } (32)

(a6)e ± = - _- R 2R(to+ ti)

In equations (29) through (32), the upper sign is for the outer fiber and the
lower sign is for the inner fiber.

Rib streses

Since the rib reactions F and F are known from equations (19). the radial
and tangential rib stresses are obtained from Lame's solution 5 of a thick-
walled cylinder by placing P = Fo/t,,, and P = F!t , respectively, as external
and internal pressures acting on thp rib, considered as a circular annulus
subjected to these pressure loads. Then the radial and tangential stresses are,
respectively.

R F,-R 0F (F0 -F')R2 R(3
0 0 i0 (33)

R F. - R2F0  (F0- F,)R02 (4- t,(R?- R4) (R,2 - R-)tr , r

ILLUSTRATIVE NUMERICAL EXAMPLE

The results of the foregoing analytical solution will now be applied to compute elastic
deformation and stresses in an aluminum model cellular shell. The required dimensions
and the material properties for this shell are:

R o = 10"375 in., R, = 9.450 in., to  t, = t, = 0.250 in.

h = 0.925 in., E = 10x 10lb/in2, u = 0-333, s = 2-00 in.

Numerical substitution of the above values in equations (1) and (2) yields the following
results:

D, = D, = 1"465 x 10 lb in. and t - 0"3963 in - 4, B - 0.4776 in- 4

9, = 0-7935 in-'. , = 0"8313 in-'

The values of functions .f(x), k(x) and m (x) can now be calculated by using the above
valugs of g, and f, and the values of functions (x). O(x) and O(x) given in Table 84 of

Ref. 6. These calculated values are given in Table I.
Now the values of the A coefficients defined under abbreviations can be calculated.

Numerical substitution in equations (7) yields

A, = 0.652x 10 - 3, A, -- 0.763, A3 = 1"718x 10- , A4 = 1.575x 10 - 6

A, = 24-618. X, = 8 1904x 10- . A, = 6-78x !0-0
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Placing these values of the A coefficients in equations (8), (9) and (10), the three A
coefficients are calculated. These values are

A, = 101-20 x 10 - 5 , A, = 118-37 x 10- , A3 = 92-88 x 10 -

Substituting these values of A coefficients in equations (19), the rib reactions are
obtained; that is

F = 1-170po, F, = 0 .9 1 8 po (i)

TABLE 1. VALUES OF FUNCTIONS f(x), k(x), M(x) FOR A TYPICAL

CELL OF A MODEL CELLULAR SHELL

Cylinder x (in.) f(x) k(x) M(x)

Outer 1-3048 0-5238 1.0000
0

Inner 1-2529 0-5477 1"0000

Outer 1.2703 0-0196 0-5976
0-4

Inner 1-2143 0-0202 0.5980

Outer 1-2360 -0-1901 0-2986
0-7

Inner 1-1750 -0.1985 0-2986

Outer 1.2222 -0-2594 0
1-0

Inner 1.1589 -0-2708 0

Wall deflexions

Wall deflexions are obtained from equations (13), (14) and (i) as

,= -po[3-945- 1-997f4(x)] x 10- 5 in. (ii)
and

w= -po[ -- 0"3 9 5 + 1-363fi(x)] x 10- 5 in. (iii)

These deflexions can be evaluated by substituting the values off0 (x) and f,(x) from Table 1
into equations (ii) and (iii), respectively. The results are noted in Table 2. From these
calculations the deflexion curves can be plotted as shown in Fig. 7.

TABLE 2. DEFLEXIONs OF THE MIDDLE SURFACES OF THE WALLS

OF A TYPICAL CELL OF A MODEL CELLULAR SHELL

Outer wall Inner wall

x  . in3  ue.._o x lO'- -'xlO'-n

(in.) Po lb Po lb

0 -1-360 -1-349
0-4 - 1-409 - 1-296
0-7 -1-477 -1-243
1-0 -1-501 -1-221

p, is in lb/in2
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Before tLeformotion

1-0 2.0 Outer Wool

Af ter - - I360 XlIo-,p.
Def ormat ion

Before KIxt 391'p

(Deflexions are shown greafly magnified)

FG7.Deflexion curves for the middle surfaces of the walls of a typical
cell of a model cellular shell.

Transverse shear forces and strese
From equations (22) and (i),

Q= -0585m(x), Qj = O.459m,(x) (iv)

and from equations (24) and (i),

= -3510m(x), (r,),, = 2.754mi(x) Mv
These shear forces and stresses are evaluated by using the values of m(x) from Table 1.
The results are plotted in Fig. 8.

0

E
C: Distance along Shell Axis (lit)

1--

76 -1 -2 -

C.C

E__ Inner__CylinderI

FIG. 8. Transverse shear force-pressure ratio and maximum transverse
shear stress--pressure ratio distributions in the walls of a typical cell of a

model cellular shell.

Bending momea and streame

Longitudinal bending moments are obtained from equations (20) and (i) and the
circumferential bending moments from equations (21) and (i).

M,., =O369 p. Ic(x) and M3 = -0276p~k,(x) (vi)
= "0-123p,k(x) and 34, =-04)92 p. I,(z) (vii)
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These bending moments are evaluated by using the values of k(x) from Table I. The
results are plotted in Fig. 9. Table 3 gives values of the bending stresses in the extreme
fibers of the walls. calculated from the formula (ab)e7 = t 6M/t0.

Distance along Shell Axis (in) 'i

0 .4 . 1-2 1-6 2-0
-Left Rib Right Rib

2- s 2(n) - 0666 i
E E

o -15- -- - -0500 e

10 -0333 "
W

1;oQ -0t5 OteCyidr-'067

0 0 S

x - 0 _O - - - - 0167 'Z

0 .0 - - - --- -

CInner Cylinder

FiG. 9. Longitudinal and circumferential bending moment-pressure

ratio distributions in the walls of a typical cell of a model cellular shell.

TABLE 3. MAX BENDING STRESSES-PRESSURE RATIOS FOR A TYPICAL CELL OF A MODEL

CELLULAR SHELL

Outer cylinder Inner cylinder

x Longitudinal Circumferential Longitudinal Circumferential
(in.)

[Oz'bO]eXt [O.e0o]ext [Obiet. b,]ext

Po PO PO PO

0 ± 18-53 + 6.17 T 14-51 T4-83
0"4 ±0-69 +0-23 T 0-54 T 0"18
0-7 P 672 T 2.24 +5.26 ±1.75
1-0 T 9"18 T 3.06 ±7-17 ±2-39

Pe is in lb/in1 ; the upper sign is for the outer extreme fiber
and the lower for inner extreme fiber.

Normal membrane stresses

The longitudinal membrane stresses, as obtained from equation (27), are

a,,= -10-37 p, and a,, = - 11-40p (viii)

The circumferential membrane stresses are obtained from equation (28) and are
evaluated by using the values of the wall defiexions from Table 2. That is

a, = -(964 1.,4 I x 10+ 3 -4 5p,)

a,, = -(10-98 jur I x 105 + 3-80p 0) (ix)

These calculated values are summarized in Table 4.

ResuUant normal stresses
The resultant longitudinal and circumferential normal stresses are obtained from

equations (29) and (30), respectively. They are evaluated for the extreme fibers of the
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walls by using the values of the bending and membrane stresses given in Tables 3 and 4,
respectively. The results are plotted in Fig. 10.

TABLE 4. NORMAL MEMBRANE STRESSES-PRESSURE RATIOS FOR A TYPICAL CELL OF A MODEL

CELLULAR SHELL

Outer cylinder Inner cylinder

x Longitudinal Circumferential Longitudinal Circumferential
(in.)

006mO a:,,,zmi a6,,i

P, Po Po Po

0 -10.37 -16-39 -11.40 -18-07
0.4 - 10.37 - 17.04 -11-40 -17.51

0.7 -10.37 -17.70 -1140 -16-95
1-0 - 10-37 - 17-97 -11-40 -16.71

P, is in lb/in 2

- Outer Flbre,Outer Wall I

Inner Fibre,Outer Wall

- - Outer Fibre, Inner Wall
Inner Fibre,Inner Wall

Distance Along Shell Axis
0 "4 " 12 1-6 2.0 0 .- 4 -8 I2 1.6 2-0

-5-
. . I.

*Longi tudinal - 25 Circumferential

/ _T NI- Z 1_0 ! I

FIG. 10. Longitudinal and circumferential normal stress-pressure ratios for

the extreme fibers of the two walls of a typical cell of a model cellular shell.

CONSIDERATION OF STRESS CONCENTRATION IN DESIGN

The foregoing calculations of elastic deformations and stresses in a model
cellular shell were based on a theoretical solution which ignored the stress
concentrations at the wall and rib junctures. For design purposes it is necessary
to include the effect of these stress concentrations in evaluating the yield
strength of the shell. A simple method was developed for this purpose as
described below.

Two-dimensional photoelastic models shaped according to the configuration
of the wall and rib junctures of cellular shells were employed for the approximate
determination of the stress concentration factors. These models were subjected
to moments applied to the wall in order to obtain the stress concentration
factors caused by the bending of the walls. The models were further subjected to

K:
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compressive loads applied separately to the walls and the ribs for obtaining the
stress concentration factors caused, respectively, by the axial compression of
the walls and the compression of the ribs due to the load transmission from the
outer to the inner wall. A few of the many photoelastic patterns obtained are
shown in Fig. 11. The stress concentration factors thus determined for the
bending and for the axial compression of the shell wall and for the compression
of the ribs are plotted in Fig. 12. Fig. 12(b) shows the effect of the fillet radius
on the location of the maximum bending stress in the shell wall. The use of the
stress concentration factors given in Fig. 12 in the design of cellular shells is
illustrated by the following numerical example.

(a) A Two Dimensional Photoelostic (b) Effect of Fillet Radius on

Specimen Location of Maximum Stress

S\t,2 for Wall in Bending.

a d location of max
bending stress d

'0 -25 15 -75

2- a
tw

(c) Effect of Fillet Radius on Stress Concentration
Factors at the Point of Maximum Bending

K Sfress (Linear Elastic Range

wI ---------- - ------- 0 Kb Stress Concentration Factor for Wall

in Bending
I Km Stress Concentration Factor for Wall

.5 in Axial Compression

( rA£ Kr Stress Concentration Factor for Rib

0 .25 .5 .75 1in Copression.

tw

FIG. 12. Stress concentrations at wall and rib junctures.

Fig. 12(b) defines the location of maximum bending stress for a given fillet
radius. For these locations the bending and membrane stresses for the model
cellular shell are obtained from the preceding theoretical stress calculations.
The radial rib stress at the wall and rib juncture is also known from equation
(33). These stresses are multiplied by the corresponding stress concentration
factors. The resulting values are then added to obtain the maximum normal
stresses in the shell as a function of the fillet radius. A summary of this is
given in Tables 5 and 6. The yield strength of the model shell as a function of
the fillet radius is then calculated by using the distortion energy theory.6 A
summary of the procedure and the results is given in Table 7. Fig. 13 gives a
plot of the yield strength as a function of the fillet radius.
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0.25d

FiG; 11. Two-dimensional photoelastic fringe pattern simulating
behaviour of the xall and rib of tt cellular shell in pure, bending in the
linear elastic range for various fillet radii. Numbers near the fillets are
a t,, values. %%-here a = fillet radius and t ., = rib thickness. Stress

concentration factor ) Inax ilai"

f. p. 348
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TABLE 5. ELASTIC STRESSES DUE TO STRESS CONCENTRATIONS

Effect of fillet radius on maximu~m elastic longitudinal stress-pressure ratios for a model
shell at the juncture of the outer wall and a rib.

Without stress concentration* With stress concentration

alt., d (in.) a-bo/po a, _noPo ar/po kb Ozbo/Po km rZmO/Po k, ar/po [azo/Po]resultant

0 0-125 -11-85 -10-37 -4-81
1 0"140 -11"12 -10"37 -- "81 -21-10 -11"17 -- "01 -41-28

J 0-156 -1047 -1037 -4-81 -14-40 -1037 -4-81 -2958
[ 0-187 -9-03 -10-37 -4-81 -11-73 -1037 -2-76 -24-86

0-250 - 6-53 -10-37 - 481 -8-00 -1037 -2-04 -2041
1 0-375 - 1-63 - 10-37 -4-81 - 1-80 - 10-37 - 1-20 - 13-37

Po is in lb/in
2

* These values for the model shell are obtained from the preceding stress calculations
based upon authors' theoretical solution.

TABLE 6. ELASTIC STRESSES DUE TO STRESS CONCENTRATIONS

Effect of fillet radius on maximum circumferential elastic stress-pressure ratios for a model
shell at the juncture of the outer wall and a rib.

Without stress
concentration* With stress concentration

aabo/Po oflUo/Po kb (O00O km as,4O/Po [aio/P0]resutant

0 0-125 - 3-95 -16-63

0-140 -3-71 -16-75 -6-12 - 18-97 -2509
0"156 -3"49 -1677 -4-88 -1677 -21-65

4 0-187 -3-01 -16-78 -3-92 -1678 -2070
0-250 -2-18 -1686 -2-62 - 16-86 -1948

1 0-375 -0-54 - 17-20 - 0"60 - 17-20 - 17-80

Po is in lb/in

* These values for the model shell are obtained from the preceding stress calculations

based upon authors' theoretical solution.

TABLE 7. YIELD STRENGTH OF A MODEL SHELL

Effect of fillet radius on the yield strength of a model shell based on the distortion
energy theory (stress concentrations included).

a/t, d (in.) ,,/po ,,,/Po l --. U2 af -o M-.

* 0-140 -25-09 -41-28 262-0 629 1700 2591-0 -50-9 -36-0
J 0-156 -21-65 -2958 62-9 469 875 1406-9 - 37-2 -26-3

0 0187 -20-70 -24-86 17-3 428 618 1063-3 -34-6 -23-0
* 0-250 -19-48 -20-41 0-9 379 416 795-9 -28-2 -19-9
1 0-375 -17-80 -13-37 19-6 317 179 575-6 -22-7 -16-1

Distortion energy theory (see Ref. 5, p. 454)

20t, = (01 - 2)+ (a2 - 9,) + (a3 - al)

where ai = a (Table 7), ci, = a, (Table 6), a3 = 0.
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30

2 0 r

Fillet - Radius a

Rib Thickness tw

•25 -5 -75 1 1-25

0

00 -10

T -20
E L. Model Cellular Shell Dimensions

U and Material Properties

-30-
Ro * 10-375 in. E - 10 x l lb/inZ

Ri = 9-450 in. /a - .333
-4C

s - 2-00 in.

h = "925 in.

-50
t.. ti- t,- .250 in.

FIG. 13. Yield strength of the model shell.

DISCUSSION

An analytical solution for elastic stresses in cellular shells subjected to
uniform external pressure was developed in this paper based upon certain
assumptions. The first assumption made was that the beam-column effect
caused by the external axial pressure is negligible. The calculations carried out
for the model shell selected show that the wall deflexions are very small arid,
therefore, the secondary bending moments caused by the external axial
pressure are indeed negligible.

Secondly, the ratio of the wall spacing to the mean radius of the shell is
assumed to be small. In such cases, the assumption made regarding the
distribution of the external axial load between the two shell walls will be
reasonably accurate.

Thirdly, the theoretical analysis ignored the stress concentrations arising
at the wall and rib junctures. The method proposed in this paper to include
the effect of the stress concentrations in determining the yield strength of
cellular shells is an approximate one, since two-dimensional models were
employed to obtain the stress concentration factors. Further, the conditions
of loading used in these experiments were different from the actual, since



't ress inaih .sis of rintz-stiffned san d wici sh ].- 351

separate loadings in bending and compression of the walls and in compression
of the ribs were used. However, the proposed procedure is a simple one and may
be quite adequate for practical purposes. The accuracy of this procedure can
be determined only by future experimental work.

8 5 -19-55
+380"" (-ie-l3"* Ojter wal

S28-90 -0
125:781 38'

, 1'25"9 0 * 1-4.Z2

-3.11 , -18,56.N \Inner Wall
+ 0.031J -16-1 7 W

05-- Values by Authors' Solution
P.

* " O1i. Values by Pulos' Solution

Pe

FIG. 14. Comparison of the normal longitudinal stress-pressure ratios
obtained by the solution of the authors and that of Pulos.

{ -10'2Z 2 r21,02 Outpr Wall1 -10-80" " l-7.i "

-22.5
II :),22 1.9 1 4-2

r_ 2 ' 0,0&R -14-8500

-13-24} I&O\nner Wall
- . ,-m.4eu

__ Values by Authors' Solution

P.

n sp. Values by Pules' Solution

FIG. 15. Comparison of the normal circumferential stress-pressure
ratios obtained by the solution of the authors and that of Pulos.

Near the completion of this study, the authors learned of another theoretical
solution of the same problem developed by Pulos4 . In this solution, a theory
was developed by using the method of edge coefficients. It is of interest to
compare the solution given in this paper with that made by Pulos. The results
of this comparison for the model shell are summarized in Figs. 14 and 15. The
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stress values obtained from these two solutions show an overall good agreement.
The difference between the critical stress values calculated from the two solu-
tions for the model shell is about 10 per cent. This difference is evidently due
to the different assumptions made in the two methods of solution. Experimental
investigations are necessary to determine the relative accuracy of the two
theories. The solution of this paper, like that of Pulos, is applicable only Lo a
typical bay of the cellular shell.

CONCLUSIONS

The purpose of this study was to furnish a method which would enable
designers to predict the yield strength of a ring-stiffened sandwich shell
subjected to uniform external pressure. The theoretical solution for elastic
stresses obtained in this paper, when used in conjunction with the experi-
mentally determined stress concentration factors, gives one such method.
Experimental work will be necessary to determine the accuracy of the method.
However. the theoretical solution given in this paper gives elastic stress values
which are quite close to those obtained by another theory recently published
by Pulos4 . The method proposed in this paper gives a simple method for
evaluating the yield strength of ring-stiffened sandwich shells.
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4 C. D Fig. f-Above is a section of the double-wall
b o g- cylinder after machining. Fig. 2-End view of the

s g c eo Sst aluminum, double-wall cylinder

t oCASTING
~CYLINDERS

Subjected to External Pressure

0 CONSIDERABLE e f f o r t h a s By J. D. STACHIW face of the cylinder. Aluminum
been devoted to gaining an under- Ordna nce Rjarch Loborotof, alloy 356-T6 was chosen because it
standing of the collapse of cylindrical Pennsylvania State U ....... is light, resistant to salt-water cor-
vessels designed to withstand ex- rosion, and can be cast in large,ternal pressure. Most of the early An elastic-instability formula for this intricate shapes.
research was limited to simple cylin- type of pressure vessel was de- Design Goal-The design goal was
ders and ring-reinforced cylinders. veloped 2 first because no experi- to produce a cylindrical external-
Despite their relative simplicity, 50 mentally proved equations were pressure vessel with a very high
years of research were required to available. With this design formula, pressure-to-weight ratio. The final
develop acceptable engineering for- the collapse pressure of the double- design of the cylinder represented
mulas for ring-reinforced cylinders, wall cylinder was predicted within a compromise between the desires of
Because modern technology requires 5 per cent. the designer and those of the found-
vessels with high pressure-to-weight Casting was selected as the con- ry: The designer wished the cylin-
ratios, ring-reinforced cylinders no struction method because it provided der facings to be free of openings,
longer are adequate, despite the the greatest e a s e o f including and the foundry desired as many
high-strength alloys now available, mounting bosses on the inner sur- core-support openings as possible.

Studies of cylinders of double-wall
or sandwich-wall construction are
being made in many countries. At
the Ordnance Research Laboratory
of Pennsylvania State University, a
study' was made of ring-reinforced
double-wall cylinders (Fig. I and 2).

Fig. 3-Sectional view of a cost
aluminum, tingle-wall cylinder

after machining. It was cast for
comparison left

FOUMTDU / Setembet 1963 159
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core rtng '.5as %514))rietl wigh
points aroutitd its cmn umlreoce
(Fig. 2). Considerable, sill %,a, r,-
qired ttt mininii/e distortion and
shrinkage of the fragile c,,res during
the pouring operation. T '%pical mne-
chanical properties of the heat
treated 356 alloy csig sple

b edxFoundrics) are shown in
Table 1.

A ring - reinforced single - wall
cylinder of the same outside .am-
eter. length, and material (Fig. 3)

TABLE t-Mechunical Properties in
Cast RiNg.Reluforted Cylinders

long5,. D5:3000 36.400
Piog % .. . .. 46.rd.e (Bhn)...... 76 74

also was cast to provide an experi-
mental comparison with the double-
wall cylinder. Mechanical properties
of the material in the single-wall
cylinder also are shown in Table 1.

The machined cylinders were im-
plosion tested at the Southwest Re-
search Institute, San Antonio. Tex.
To seal the ends of the cylinders
without appreciably affecting their
elastic stability, they were placed be-
tween flat plates which were held
in place only by the imposed ex-
ternal precssure. By use of the ex-
pression I= p. V/W, the pressure-
to-weight ratio of the single -wall
cylinder is found to be 1.26 x 10-5
and that of the double-wall cylinder.
2.14 x 101. In this expression, v
is the pressure - to - weight ratio;
p, is the collapse pressure in psi, V
is the displacement in cubic inches
per inch of axial length; and W is
the weight of the cylinder in pounds
per inch of axial length. The pres-
sure-to-weight ratio of the double-
wall cylinder thus represents a 70
per cent improvement over that of
the single-wall cylinder.

Engineers of the ordnance Re-
search Laboratory and the crafts-
men of Bendix Foundries have pro-
duced a cylindrical structure that
combines the best properties of cast
aluminum with the most advanced
theories of the elastic stability of
cylindrical vessels subjected to ex-
ternal pressure.

1. JD. atehi.. '5mlr Corn S0tructure forHigh Pressue J _ 61.. oolo o.,
To.Al".IOW. Vol. 2. No. 2. 1901-

2. 3 Si Stooht. OCiinmt IO-t-bllty of Cir-
.notielldiY Stiffened Saad.Ioh 515.11Utnder zztiroai Hydrottic pren...
thase,'. d4se5.sloo. Dmpleftoot of Cog,.
nootiog Meehioles. Psqsgsyi,,50a Sa~t.
Universty. 1961.
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NOTATION

ais N, Cis di, fi, .i Coefficients representing edge rotation and displacement per unit

a,, bp ci, di, fi, 9, edge or surface load for shell elements of short length

Es h
Di - - Flexural rigidity of shells

12 (1 - v 2)

EA, Es  Young's modulus of annulus and shell materials, respectively

His Hi  Discontinuity shearing forces normal to axis of symmetry

hi  Shell thickness

I Length of shell element between stiffeners

Ni l Af Discontinuity bending moments in a meridional plane

Pi Axial stress-forces due to axial portion of p

p Hydrostatic pressure

Ri, R j Radial distances from axis of symmetry

r Variable radial distance from axis of symmetry

wA  Radial displacement of annulus edges

W! Radial displacement of shells

z Axial coordinate taken along shell element

T3(1 -v2)

EStrain

Axial rotation of shells

A l ], A[2], A[31 Lambda functions defining edge effects and interaction of edge

A[ 41 , A131, A[ 6] ) effects for shell elements of short length

V Poisson's ratio

a Stress

iv



ABSTRACT

A theoretical analysis of the axisymmetric elastic deformations and

stresses in a web-stiffeneu sandwich cylindrical shell structure under ex-
ternal hydrostatic pressure is presented. The solution is based on the use
of edge coefficients for plate and shell elements of finite length, and in-
cludes the computation of the edge forces and moments arising at the

common junctures of these elements.

Equations are given for computing numerically the longitudinal and

circumferential stresses in the two coaxial cylindrical shells and the radial
and tangential stresses in the web stiffeners between the two shells.

No consideration was given to the discontinuity effects arising from
rigid or elastic restraints afforded by contiguous bulkhead or adjacent shell

structures. Thus, the analysis presented herein is applicable only to a
typical bay of a web-stiffened sandwich cylinder of long length.

A numerical example is presented to illustrate the use of the equations
developed in this report.

INTRODUCTION

The David Taylor Model Basin, under initial sponsorship by the Office of Naval

Research and later continuance by the Bureau of Ships, has been investigating the feasi-
bility of sandwich-type construction for pressure hull application. Results of exploratory
experimental studies carried out under this program1 have shown that in certain ranges of

geometry strength-weight advantages on the order of 20 to 25 percent higher can be realized
with sandwich designs over the conventional ring-stiffened cylindrical configuration. These

results were obtained from model tests of sandwich-type cylinders having "hard" cores; i.e.,
the cores were capable of developing high compressive strengths in addition to transmitting
the pressure loading by shear from the outer to the inner shell.

At the time these sandwich cylinders were conceived, no formulas were available on
which to base an optimum design; merely intuition and engineering judgment were resorted
to for proportioning the structural elements. Concurrently with the experimental program,

analytical studies were initiated to develop rational formulas based on thin-shell theory for
predicting the elastic deformations and stresses in the structural elements of such sandwich-

type cylinders.
In this report, equations are developed for carrying out a complete stress analysis of

a typical portion of a web-stiffened sandwich cylinder under external hydrostatic pressure.

1Reftre., s are listed oa page 37.



The method is based on the use of edge coefficients of plate and shell elements of finite

length, and satisfaction of force and moment equilibrium and compatibility of deformations

at the common junctures of the elements comprising the structure. Expressions for edge

coefficients of cylindrical shells of short length are developed in Appendix A.

GENERAL CONSIDERATIONS

Methods of analysis based on the use of edge coefficients have found wide application

in studying stresses and deformations in complex structures composed of ring, plate, and shell

elements.2-5 The underlying concept in this type of analysis is that a complex physical

structure can be broken down into identifiable components for which mathematical solutions

exist or can be found readily. The deformations occurring in each structural element are deter-

mined in terms of unknown forces and moments assumed to exist at the junctures common to

these elements. Conditions of equilibrium and compatibility are then satisfied at each of the

junctures, thus permitting determination of the redundant forces and moments. With this

information, a complete stress analysis for each structural component can then be performed.

The present problem of the stresses in a web-stiffened sandwich cylinder subjected to

hydrostatic pressure, shown in Figure 1, can be solved rather conveniently by the use of edge

coefficients. The identifiable structural elements in this case are two coaxial cylindrical

Outer Cylindrical Shell__ I I I I I l l~ Il I

'Web Stiffener

-~ Inner Cylindrical Shell

_ Figure 1 - Web-Stiffened Sandwich Cylinder
-_ -Subjected to External Hydrostatic Pressure

Juncture 2

P Juncture I

shells, one subjected to radial pressure and an end load and the other to an end load only,

and annular discs subjected to radial loads on the two circular boundaries. The webs or

annular discs act as the connecting and stiffening members to the two shells. A free-body

diagram showing the breakdown of the physical structure to its component parts, together

with appropriate, but as yet unknown, edge forces and moments, is presented in Figure 2.

2



Juncture I7
Outsid Sell -0, /W, 1

Figure 2 - Free-Body Diagram Showing T T
Forces and Moments Acting on Shell
and Web Elements of Web-Stiffened Web h 3

Sandwich Cylinder

T Junc/ture 2

Following the method of References 2, 3, and 4, the deformations occurring at the

edges of a shell element of general meridional shape can, by simple superposition, be written

in terms of the unknown edge forces and edge moments and known applied loading as follows:

., diM , + + fiPi + f,"p, +fi""Pi + d/ i + giiQi + 1, [1

O= a: f ,+ bQ + c P + c"P + + a<1M1 + b + c.;Ps [2]

where the coefficients a, b, ... f,"'are the amount of transverse deflection or meridional

rotation, as the case may be, per unit bending moment, shearing force, axial force, or surface

pressure loading, as shown in Figure 3. The coefficients with the double subscripts, i.e.,

\ \ P1

Figure 3 - Shell Element of Arbitrary
Meridional Shape Subjected to Edge

Moments, Shears, Forces, and
Surface Loading /0 P i-. ,  t '

Pi

Wi

ai, bi, . ../f,, are the interaction coefficients which reflect the deformations at edge "i"

due to forces and moments at edge "j." By replacing i-. j and j-. i in Equations [11 and [21,

expressions for the deformations w, and 0. can be written immediately.

Note that the effect of the end load P on the deformations wo, and 6i has been separated

into three distinct components. The components denoted by the single-primed coefficients

fiand ctare those due to bending effects. The same is true of the components associated

with the coefficients f and cf-, but these also reflect interaction influences. The components

3



denoted by the triple-primed coefficients f[." and c"' are essentially Poisson effects on the

membrane deformations.

For the specific problem of cylindrical shell elements symmetrically loaded, as shown

in Figure 4 and considered in this report, Equations [1] and [23 become:

r d x2

P oxO = dMX
I

+P + p

+MX +OS t Ms +1 MX a M12
-. wiS ox 2 xUHi/2

Figure 4 - Sign Convention for Cylindrical-Shell Element (Symmetric Case)

HS

2 + gS + gfp + fP,'PS + djjM + g -i 2 + f P' [3]

us

0' = a M + b, + c P + c,"p + c,"P + a..M + 6.. + '.P 5  [4]

and similar expressions for wi and 0, respectively. However, for the case of a cylinder some
of the terms appearing in Equations [31 and [41 become zero; this will be shown later. In
addition, for the pressure loading shown in Figure 1, where the inner cylindrical shell is not
subjected to the radial pressure loading, those terms in Equations [31 and [41 that are multi-
plied by p will drop out when the deformations of the inner shell, i.e. i = 2, are considered.

Following the same technique employed for the shell elements, the deformations
occurring at the edges of the circular annuli or web elements, as shown in Figure 5,

+ HI
A

p.A

- Figure 5 - Sign Convention for
Web Element

p A

Mj

4



can be written in terms of the unknown edge forces and moments and known applied loading

as follows:

A A A + gA [5]

= + d 1 + a! [61

where it has been assumed that the edge moments A4, axial thrusts , and surface pressure

p do not give rise to any radial displacement w in the plane of the circular annulus. Equations

[51 and [61 give the deformations at boundary i of the circular annulus; the deformations at the

other boundary, say j, can be obtained by replacing i by j and j by i in Equations [5] and [6].

The expression for the edge rotations 0 and 0-4 of the annulus are rather general to include

the case in which the sandwich void between the two cylinders may become pressurized. This

problem will not be considered in this report. In a later section, it will be shown that due to

symmetry the edge rotations of the annulus are zero. Furthermore, for the particular case of

pressure loading shown in Figure 1 and considered in detail later including a numerical ex-

ample, not only are the edge rotations OA and 0A equal to zero but every term in expressions

[61 is zero. In such a case it is tacitly assumed that the web stiffeners act only to resist

hoop compression and do not act in the sense of a circular plate to resist bending due to edge

moments and edge shears.

In Reference 4, for instance, equations were developed for computing discontinuity

stresses at cone-cylinder junctures, either with or without transverse reinforcement. For

that problem it was tacitly assumed that the shell elements were each of semi-infinite length

so that the deformations at their common juncture were not influenced by boundary effects at

the others ends. This permitted the use of rather simple expressions for the edge deformations.

For the present problem of the web-stiffened sandwich cylinder, the elements com-

prising the structure are of such proportions that interaction of internal edge effects is very

predominant. This necessitated the development of edge coefficients for cylindrical shell

elements of finite length. However, it turns out that the forms of the new coefficients are

exactly the same as those of Reference 4 except for multiplying factors which are functions

of the shell geometry and, primarily, the length. These edge coefficients for a cylindrical

shell are written in the following convenient form:

- A[2](1 )
ESbi = + A1 [1 (pil)

Ecrbi D"= E : ](f,'/. 0iE'b. -
.... : m m mmm mm mml lmm m•• mmm •m m



ESdi = + 1 (i)

R2

Es ft +

R.

Esl V -
hi

[7a]
1

Es .. 2D 683

I+ I A .41(.pil )

Ei = Ef~j = 0

Esdi= - A(4](Pil)

2D'.83

117b1

The "lambda" functions A '],, A A, . A 6 ] appearing in the edge coefficients,
Equations [Ta], are derived in Appendix A and are defined here as follows:

sinh2Esi + si+2 fil.8

Di - - s-n- ; P 17si)

The~ ~ ~~~~~~ m "'amda funcnhn +W A(o1 , s(1 (6 apaigin teeg ofiins

A 11 sinh 2 Al + si 2 Ai

, ( il si b 2 , , i ~ i



cosh /il sinh 3il - cos Oil sin /Oil

sinh 2 83il - sin2 a il
[8)

A[4](f3 2sinhBit sin /3,1

c i l) si i=  ihO lc s isinh 2 Bi - sin2 
'Bil

cosh Oil sin /il - sinh /3 l cos 3,il

I sinh 2 
Oi

l - sin 2 Oil

cosh /3il sin /3il + sinh i cos fi

A~6I(3~l)sinh2 fJil - sin2 Bil

For convenience and ease of calculation, numerical values of the "lambda" functions in (81

were determined with the aid of a Burroughs E-101 computer for a range of Oil from 0.40 to

2.50 in increments of 0.02. The results were tabulated and are given in this report as Table 1.

For the special case of a'cylindrical shell of semi-infinite length, i.e., l-.-, the

interaction functions given by Equations [81 simplify to

P!I -A ( 1-1_I
A(4] I = 1A ]=A 0

b & I

and the edge coefficients given by Equations (7a] reduce exactly to those given in Reference 4.

From symmetry considerations it is seen that the edges of the web stiffener, which for

purposes of analysis is viewed as a circular annulus, do not undergo any rotation. This stems

from the fact that a horizontal tangent or zero-slope condition is assumed to exist at the

junctures of the webs with the two cylindrical shells. This assumption implies that the edge

moments on each shell at the shell-web junctures balance each other, so that there are no net

moments to be resisted by the web. Further, it is assumed that the web elements do not take

any axial force due to the axial pressure, but that this is all resisted by the cylindrical shells.

Thus, the analysis of the web stiffener is reduced to that of a circular annulus subjected to

axisymmetric in-plane radial forces on both its inner and outer boundaries; 6 see Figure 2.

On the basis of these assumptions, it is necessary to derive edge coefficients for an annulus

undergoing radial deflections only. Such coefficients are developed in Appendix B and are

given here as follows:

7j
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E 12 =+ +
[10a]

EA gA + - R2

where l h2

[lOb]

(1V)2 lv 2

whereR 1 " 2

A3 (R 1
2 -Z2%

COMPUTATION OF STRESSES

The formulas given herein for determining the longitudinal and circumferential stresses

in the shell elements of the web-stiffened sandwich cylinder are developed in Appendix C.

Formulas for the radial and tangential stresses in the web elements are developed in Appendix

B. The derivation follows very closely the general analysis of Reference 7 for ring-stiffened

cylinders under hydrostatic pressure, the only differences arising from the elastic restraints

at the shell edges and the distribution of the axial pressure loading.

The nomenclature and sign convention used in Reference 7 and in Appendix C of this

report are shown in Figures 2 and 4. A longitudinal bending moment M. is considered posi-

tive if it tends to put the outer surface of the shell in tension, and a transverse shearing force

Q. is considered positive when it acts in a direction away from the axis of symmetry but in

the positive 2-direction. A hydrostatic pressure p is considered positive when it is external,

and negative when internal. With reference to Equations [1] and [2], the subscript i is used

to distinguish the two cylinder elements.

The quantities H, and Mi shown in Figure 2 are the edge shearing forces and bending

moments arisn,, at the junctures of the shell elements with a web stiffener. They may be

determined in terms of the geometry and elasticity of the structure and the pressure loading

by enforcing conditions of force and moment equilibrium and compatibility of deformations

at the junctures. This determination is developed in the next section.

9



Once the edge forces and moments are known, the following formulas may be used for

determining the critical longitudinal and circumferential shell stresses which occur at a point

midbay between two adjacent webs and also at a web location, respectively:

AT MIDBAY:
Pi EsAiifPi A i__"

+ -- 1-,,) [12]

- A 2]( _ /2) +(i 2) i- A2]() i/2)

AT A WEB:

XJ= A-±Aw l()l2)[131

A[61 (-l2)  A hi ]( A(51p/2)2

Pi E I ~ I3&
_,, -+- + (Wi J)  + (we WS) - [121

a i R [ip l2 (I -V2)  A21(p2

where in the above equations i - 1, 2, and the upper sign is for the outer fiber and the lower

sign for the inner fiber of each shell plating. Equations [11] through [14] are developed in

Appendix C.

Once the critical stresses are determined from Equations [11] through [141, the

question as to how they combine to precipitate axisymmetzic collapse of the cylindrical shell

elements can be answered by recourse to the failure criteria discussed in References 7 and 8.
This will not be discussed here.

The quantity P in Equations [11] through [14] is the axial load taken by each of the
two cylindrical shells. On the assumption that the two shells contract the same amount

longitudinally, it is shown in Appendix D that

10
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R'A )1 sh "EShi

F1 2 1 - Ag4 1+j 4 1) 1  AlldEA )
PR1 L( 1-a,)+ 2 R 2 A2  t72)] - 1 R ih (1- 2 a 2 ) 2 1) 2

V-2 a' V +

[151

- a 1 R 1 E 2 (gAIIi+ )a E

P222
1 -v2 a , + R 2h 2 V 2)

The quantities Qi and t 2 are given in Appendix D by Equations [D.131.

The quantities w~i in Equations [11] through [141 represent the particular integrals to the
differential equations governing the axisymmetric deformations of a cylindrical shell; they are

easily determined from membrane theory. For the case shown in Figures 1 and 2, where the

outer cylindrical shell (but not the inner one) is loaded by lateral pressure, we find that (see

Reference 7, for example)

pR
W fr =+ - 1

P~hi RI P

[161

2Lf R V P2)
Esh 2 R2 P

where the axial forces P1 and P2 are given by Equations [15].

The shell edge deflections w! appearing in the stress formulas, Equations [11] through
[141, are determined from Equation [31 once the edge shears H, and edge moments Mi are

known; i.e.,

w,'= dMI+ g -+ f l+ flp+ f" + dIh11 + g, -- + fP

(171
! 2  Wt , 2•2 -"d2M2 + 92 -7 f;P + f;'P + 2 : 2 2 2 92 2T ;

where the interaction coefficients have been designated by a "bar" instead of the double sub-

script so as not to confuse the use of the subscripts "1" and "2" to designate the two shells
and their respective junctures with the web stiffeners. This notation will be used in all the

equations that follow.



Expressions for the radial and tangential stresses in the web elements are developed

in Appendix B. It is shown there that the maximum radial stress occurs at the intersection(h
with the outer cylindrical shell i.e., at r = R 1 + - ) , and the maximum tangential

stress occurs at the intersection with the inner cylindrical shell (i.e., at r= R2 = R 2 - 2).

These maximum stresses are given by the following expressions:

EA B
ma = mx(1+v) + - (1- [18]

A [A B1 1 )+(9
£max (1V2) L l+)+-(-#)[9

2

where the constants A and B are given by

11 - 2 W

[201

R2 2 R2
1 2

and the annulus edge deflections wj A and w A by Equation [51 as

WA .An -n

[211

A 2H +AN+AH

In Equations [211 the edge coefficients designated by a "bar" are the interaction or double-

subscript coefficients; i.e., -jA s g4
2 and A gA. The edge coefficients appearing in

Equations [211 are given by Equations [101.

DETERMINATION OF EDGE SHEARS Hi AND EDGE MOMENTS ml,

For the case of symmetry on each side of a web stiffener, the conditions of force and
moment equilibrium at each of the two junctures of the web with the shells are rather obvious;

these are shown in the free-body diagram of Figure 2. There remains to determine the unknown

edge shears H1 and H2 and unknown edge moments M, and M 2 by enforcing conditions of com-

patibility of the deformations at the junctures labeled "1" and "2."

12

ii -ua •n4lmmllm m mmmmllmml m I u



!

Continuity and symmetry conditions at joint "1" require that

W =WA [221

6, 0 i -0 [231

whereas these conditions applied to joint "2" require that

W = WA [24]

2

Os = 0 [251

Substituting Equations [31, [4], [51, and [6] into the four conditions [22] through [251,
considering the zero edge coefficients by virtue of the loading shown in Figures 1 and 2 and
Equations [71, and assuming that Es = EA, we must solve the following four algebraic equations
simultaneously to determine H, H21 *11, and M2 :

MI [d1 +d] + R1[ (g, +g1 ) - gI] + 112 [-g1 = -1- -f 1D [261(a + + +6 0o 27
S[1 11 +i 1 [-!- (61+~) 20[7

M2 [d 2 +. 2 1 + H2  (V2 +i 2 ) - 2A+ [_-A f - p281

M2 [a 2 + + N2 1 (++T 2 )] 0 [29]

where PI and P2 are given by Equations [15] to be functions of the unknown shearing forces

H, and H2. Equations [261 through [291 can be rewritten as two equations in only two
unknowns as follows:

(b1 + b<) ,d1 +d 1 [-(dj +. -A] "p - fTm e, (301

H, (91 91 ~2 (a, + il) +H 1 1 1 1[

H, [--A] +H 1(2+. - _gA (b 2 + b2) (d 2 +d2)1

H 2 +H 2 I (92 + i-g 2 2 (a-2+-2) j - - f;"P2  [31]

13



By the substitution of the expressions for P and P2 given by Equations [15] inLo Equations

[30] and [311, the two simultaneous equations to be solved for H1 and H2 become:

F-a 19a' + I - a2

Rt -A

1 (b 2+ b1) (d, + d 2) vEf. aly R 2

_ (_+_ _)--+- + +
22 (a +a ) (II R h i -- 2 )

R h a2 )1

R [a R )1 Rh
=. - 2' 233]

RI RIA 1

1a + A212+ -- (1-v 2
2))

], 19 1 r sR 2ect2 9 22e2 1 + f 2 Rh32
1l + -1.2a22))aI+. 2 a 2 )Lh 1 2 h2

V a1 A +A
I vE'h I +R a29

L 
R 2  2 ) +

(6 +b2) d i2-d2) a, h I (-a 9

1,,1

L 2 2

FR /VI- RI1R1( ,

1121;~1-~t 1++2)g -1 &,2____ t72) _______

R 222

After the edge shears H, and H12 are determined from Equations [32] and [331, the edge moments

H,1 and M12 may be found from the following expressions as a consequence of Equations [271 and

[291, respectively:(bb)

=- H1  -b l [34]
2 (a, + a,)

6 2 2 2 ) [351
S( a 2 +a2

14



NUMERICAL EXAMPLE

As part of its research and evaluation program to study the application of glass-fiber
reinforced plastics for pressure vessel construction, the Model Basin in collaboration with
Narmco Industries Inc., San Diego, California, is presently designing a series of web-stiffened
sandwich cylinders made of these materials. The structural models are to be fabricated by
Narmco and then forwarded to the Model Basin for testing.

One of the designs, Model N-1, presently being conceived will be used as a sample
calculation to illustrate the use of the equations developed in this report. The detailed
dimensions are shown in Figure 6, and are summarized here:

h - 0.142'

F40.10?" _
Figure 6 - Schematic Diagram Showing i,. o.14--'" 0- 5* 0.298 -. 93"

Dimensions of Model N-1
Rg -

3.6f

h 1 -0.142 in.; h2 - 0.124 in.; h3 =0.107 in.
R1 = 3.493 in.; R2 = 3.062 in.; I - 0.648 in.

R1 = 3.564 in.; R2 - 3.000 in.

Es = 6.0 x 106 psi = EA

V - 0.15

Using Equations [7b] for each of the outer and inner cylindrical shells, respectively,
we compute the values of f3,1 and D,' to be:

fi1 l - 1.204; Dl'- 24.407 x 10- 5 in. 3

)2l - 1.376; D 16.257 x 10- S in. 3

The lambda functions are either computed by using these values of 0,1 and Equations [81 or
are found by interpolation from Table 1 for each of the two shells. They are summarized here:

W[1] A[] 21 A(3 I A [4] A[S1 A[61

Outer Shell 2.219 2.162 1.694 1.981 0.8061 1.567
Inner Shell 1.778 1.655 1.502 1.471 0.6906 0.9805

15



Next, the shell-edge coefficients Es a, Esb,, . . . etc., are computed by using

Equations [7a]. The numerical values thus found are summarized here:

Shell Edge Outer Shell Inner Shell
Coefficient (i = 1) (i = 2)

E'ai, in. - 2  + 0.4767 X 104  +0.4795 x 104

Esbp, in.-I - 0.1317 x 104 -0.1213 x 104

E ¢ E s j p 0 0

Esd,, in.-1  + 0.1317 X 104 +0.1213 ×

Esfj" 0 0

Esf,". in. +85.9229 nonexistent

Esfi"" - 3.6898 -3.7040

Esg i  - 0.05410 x 104 -0.04822 x 104

Es, in. - 2  - 0.3455 x 104 -0.2840 x 104

Esb, in.- I  + 0.1176 x 104 +0.1003 x 104

Es'd, in.-' - 0.1176 x 104  -0.1003 x 104

Esf,# 0 0

Es-i + 0.02575 x 10' +0.02217 x 104

The web stiffener or circular annulus edge coefficients EAg A , . . . etc., are computed by

using Equations [101, and the numerical results found are:

EA gA - 190.261

EA9 . E g 2 . 161.949

EA 9 A  168.564

EA -A, EA A 192.396

The components of the end pressure loading taken by each of the outer and inner

cylindrical shells, respectively, are computed to be, using Equations [15]:

P - + 0. 9 8 4 3 p lb/in.

P2 - + 0.8 6 95 p lb/in.

With all this, the edge shear forces H, and 82 are computed by solving Equations [32]
and [331 simultaneously. The values thus found are then substituted into Equations [341 and

[351 to determine the edge bending moments M| and M2 . The numerical values thus found are:

Hi - + 0. 3 8 9 3p lb/in.

H2 - - 0.2717 p lb/in.
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M= + 0.02095 p in.-lb/in.

M2 - 0. 0 1 4 5 9 p in.-lb/in.

When the edge shear forces and edge bending moments are known, the edge deflections

of the two cylindrical shells and those of the web stiffener, at their common juncture points,

are found from Equations [171 and [211 to be:

E w = + 30.072 p lb/in.

EAwA = + 30.072 p lb/in.
1

E'w A -i + 29.105p lb/in.

EAwA - + 29.105 p lb/in.

Comparison of E s with EA WA , and E" w2 with E A w2 affords a check on the numerical

calculations, since the boundary conditions [221 and [241 enforced at the two junctures

require them to be equal in their respective cases since it was assumed that Es = EA.

The maximum radial and tangential stresses in the web stiffeners can now be com-

puted by using Equations [181, [191, and [20]. The values found are:

S - - 3.638 p lb/in. 2

max

at - 10.083p lb/in. 2

max

Before the shell stresses can be computed, it is necessary to determine the membrane

deflections of the two shells. This is done with the aid of Equations [161. The values found

are:

EuwP. - + 82.291 p lb/in.

Es w2 -- 3.2205p lb/in.

Finally, the critical longitudinal and circumferential shell stresses at points midbay

between two adjacent web stiffeners and at a web stiffener are determined by using Equations

[111, [121, [131, and [141. The numerical values are summarized as follows:

OX.,, psi 0,0, psi Oxf, Psi V'f, psi

Outer Shell -10.039 p - 10.437p -13.166p -10.584p

Inner Shell - 9.843p -12.702p -12. T04p -13.514p

For the numerical example considered, the calculations already carried out have been

based on the assumption that all structural elements have the same elastic modulus E. How-

ever, in the fabrication of a shell structure such as this, it is conceivable that the elements

17



could have different material properties. In the case of Model N-i, which is to be made of a

glass-fiber reinforc.ed plastic, it is expected that the web stiffeners, although made of the

same basic material as the cylindrical shells, will have a higher elastic modulus by virtue of

the fiber distribution. Assuming that the modulus of the web material is 50 percent higher

than that of the shell material, i.e., EA = 1.5 ES, we repeated the calculations and found the

following results:

P = + 0.98 4 2 p lb/in.

P2 = + 0.8696 p lb/in.

H1 = + 0.4166 p lb/in.

]t2 = 0.2449 p lb/in.

M I = + 0.02242 p in.-lb/in.

Id2 = -0.01315 p in.-lb/in.

Vw I  + 26.406 p lb/in.

E A wA =+ 39.609 p lb/in.
1

EswS =+ 25.919 p lb/in.

EA 2A  + 38.878 p lb/in.

E'w~ff + 82.291 p lb/in.

EswP =- 
3 .2 21 1p lb/in.

or  3.894p lb/in. 2

inex

at  13.303p lb/in. 2

mex

a___, psi aD., psi xf, Psi aJS , psi

Outer Shell -10.256p - 9.442p -13.603p - 9.600p

Inner Shell - 9.565p -11.658p -12.144p -12.390p
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APPENDIX A

DERIVATION OF THE FUNCTIONS A[1], 1[21, A [ 3 1, A(4 1, A(51, AND A[6 1

If the beam-column effect 7 due to the axial portion of the hydrostatic pressure is

neglected, then the differential equation governing the axisymmetric elastic deformations,

based on small-deflection theory, of a thin-walled circular cylinder is given by: 7

d4tV h V
D +E - w =P- N. [A.1

dz 4  R 2 [

The homogeneous form of Equation [A.1] will be used to derive edge coefficients for cylin-

drical shells of short length in which interaction effects between the two ends of the shell

prevail. Then we have

d4w A
D- +E- w=O [A.2]

dz
4  R2

The solution7 of Equation [A.21, which solution describes the bending deformations, can be

written in the form:

Wb(z) = Ccos lz. cosh Bz + C2 sin8 z .cosh8 [
IIA.3]

+ C3 cos,6z.sinh Bz + C4 sinBz ' sinh )9z

and the first three derivatives of [A.31 are:

1 dw1b
S (C 2  cosB.coshz + (C 4 -C 1 ) sin O. cosh Oz

+ (C4 + C,)cos z. sinh tz + (C2 -C 3) sin Ox . sinh 0z

1 d2 Wb

. C cos ze- cosh Pz - C 3 sin O-. coshf9z
2#2 dZ 2  [A.4]

+ C2 cos Mz -sinh Cz - C1 sin Bz . sinh fie

1 d 3 wb

2. . 3 %2-- C3) cos z- cosh Z -( 4 + C )sin nz. cosh Ox

+ (C 4 - C 1 ) cos Pz -sinh BZ - (C 2 + C3) sin o. sinh 19z

where in Equations [A.3] and [A.4] we have 9 -V
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The integration constants C, C2 , C3 , and C4 appearing in Equations [A.31 and [A.41

will be determined from a consideration of the load boundary conditions at the edges of the

shell element; see Figure 4. The longitudinal bending moment M, and the transverse shearing

force Q. are related to the derivatives of Wb(Z) by the following equations:

d2Wb

=+ D dx2

[A.51
dM . d 3w b

Qx= - = + D
dx dx 3

With reference to Figures 4 and 7, let it be prescribed that the load boundary con-

ditions are given by:

Figure 7 - Edge Shears, Moments,

( t~ - -- - ~ .~9. RI dQ9 Deflections, and Rotations For

a Cylindrical-Shell Element

atAa+ = MR; Q. - QR [A.61
1

atx=- -2 M2 = ML;-Qx - QL [A.7]

No considerations of symmetry with respect to the point x-O have been taken in writing the

solution Equation [A.3], and in formulating the boundary conditions, Equations [A.61 and [A.71.
The development to follow will be general in this sense.

The substitution of Equations [A.41 and [A.51 into the boundary conditions, Equations

[A.6] and [A.7], results in the following four equations:

MR A31 P31 )91
ffec 4 Cos -. cosh-- C3 sin-.cosh-

2D# 2  T1 T T
+ C2 Cos - Binh - - C1 sin - sinh

22
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= (C -C) cos - c o s h - - (C4+Cl)sin -. cosh '-

2f32 2 2 2

[A.8I

ML (31 )l (31 131
-D = C 4 cos cosh - + C 3 sin-. "cosh--

2D(32  2 2 2 2
,81. PI 81 /3!

- C2 cos .sinh E l -C sin- sinh- 2 osT * 2 2

_QL PI .83 81
=(C2C s  2cosh +(C 4 +C)sin- .cosh -20a3 2 3) Co022

(C 4 - C )Cos .sinh -.- - (C 2 + C 3 ) sin " sinh -

2 2 2 2

Solving Equations [A.81 simultaneously gives the following expressions for the four

integration constants C,, C 2 , C 3 , and C4 :

(QR + QL) (3l  P3
C1 (sinh3ll + sin 31l) =- cos - cosh -

2Di3 2 2

(MR + ML / 0(1 81~ . 81 /3
+ ILos - sinh - -sin - .cosh -

2D 0 2  (C 2 2 2 21

(QR + QL) 81 El

C 4 (sinh El +sin 0l) = R- - sin .3...sinh -
20g3 2 2

(MR+L) + hd E3 P i *6 s PI
+ . D Cos ' -2 sinh 2 + sin - 2 .cosh - 2

2D/32  2 2 2 2

[A.9]

(QR - QL) fi/
C 2 (sinh f(l -sin 6 -) sin - .cosh -

2Dp3 2 2
(ML-MR) ( El! /3 /3!

cos - .cosh - +sin - sinh
2D( 2  2 2 2

(QR -QL) E! *snC (sinh 01 - sin Ell) -- - cos =- sinh -

2D,3 3  2 2
(ML -MR) ( E t E t

cosR ( -cosh ! -sin sinh

2/ 2  2 2 2 2
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If Equations [A.91 for the integration constants are substituted into the deflection

function, Equation [A.3], and the resulting expression is then evaluated at the two edges of

the shell element, i.e., at X = ± I for the right and left edges, respectively (see Figure 7),

the following equation is obtained:

(sinh 2 t3l - sin 2p/3) [WI% I. =_ -Q L (cosh /31 + cos .131) (sinh /31 - sin .81)
2 4D63

(QR -QL)

+ - c /lo/l(sinh /3ll -sin,61)
4D82

3

(ML -MR)

-DB (sinh 131 + sin 031)2

The bending component of the total deflection at the right (R) edge, i.e., at X + I , is

then expressed in terms of the applied edge shears and edge moments by the following:

QR /cosh 131l-sinh t3l - cos )91 -sin j61

2D/33- sinh2 631 - sin2 (31

QL cosh 01 -sin/3 - sinh f3l -cos 01

+2D~j sinh2 181- sin2/3 )
+ MR ( sinh 2 031 + sin2 i3i A

2D13 2  sinh 2 831 - sin2 t3l

ML (2 sinh,61 . sin 6i

2D. 2  sinh 2 pi1 - sin2 /31/
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The bending component of the total deflection at the left (L) edge, i.e., at x is then
2

expressed in terms of the applied edge shears and edge moments by the following:

4

QL ( coshil " sinh3ll - cos8 l "sin .l
[wb] L  2,- 2 p

2D8 3  sinh2 t3 - sin2 f3l

QR cosh 0ll'sin.B1 - sinh 1. - cosl)
2fL ( sinh2 1 - sin2 31 )

(A.121
ML (sinh 2 81 + sin 2 ' 8Z

2Di 2  sinh2 /81 sin 2 /31

MR ( ° sinhl6" sin 81 

2D8 2  sinh 2 81 - sin 2 pi

Comparing the terms of Equations [A.11] and [A.12] with the corresponding terms of
Equation [1 and the appropriate edge coefficients, Equations [7a], shows that

A[3 1(/ ) = cosh Il. sinh l1 - cos il. sin3l6

sinh 2 81 - sin2 81

A[5(/1)= cosh l. sin l1 - sinh t3l. cos tl

sinh 2 /31 - sin 2 /31

[A.13]

A[ = sinh2 0l1 + sin 2 81

sinh2 plI - sin 2 /31

A[4 1(18l) _ 2sinh.8l • sin 6l

sinh 2 /31 - sin 2 t/ l

The other two lambda functions, namely, A[2] and A[6] , enter into the equations for the
edge rotations of the shell element, and expressions for these two functions are derived next.

When Equations [A.9] are substituted into the first derivative or slope function, Equation
1

[A.41, the slopes at the two edges of the shell element, i.e., at z f + 
- for the right and left

edges, respectively (see Figure 7), are given by: 2
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Fdwb] Q-L (QR +QL)

(sinh 2 1 -sin 2  )(QR - QL) (sinh f3l + sin 81)2 - (sinhfl -sin )2

] d XJ 4Df32  4Df32

2

(ML -MR)
Do (cosh 1 l+cos 0l)(sinh Bl+sin 13) + [A.14]2D13

(M R + AlL)
+ (cosh 1-cos El)(sinh 3 - sin 81)

2D1

For those terms in Equation [A. 141 which have the double signs, it is intended that the upper

sign apply to the right edge and the lower one to the left edge i

Thus the rotation at the right (R) edge, i.e., at x = + - , is expressed in terms of the2
applied edge shears and edge moments by the following:

[d w b QR s nh2 f8 1 + sin2  8 1 Q L 2 sinh 13l -sin 8 1
a- . . . -s i +

zX=+- 2DE 2  sinh2 )E1-sin2 31 2D13 2 sinh213l-sin2 Bl
2

MR (cosh 1l sinh 1 + cos E3 " sin 81 )
-D sinh2 

gi - sin 2 131

ML (cosh l'1sin3l + sinh1 casCosl
T sinh2 1 - sin2 1l

l
and the rotation at the left (L) edge, i.e., at z - - , is expressed in terms of the applied2
edge shears and edge moments by the following:

[d wb QL / sinh 2  1 +.Sin 2 Rl3 QR 2 sinh B pl-sin 13

Ldz -- 2D13 2 sinh 2 131-sin 2 3l/ 2D13 2 
( sinh 2 E1-sin2 

pi
2

ML (coshb1l'sinhbl + cos131sin l) + [A.161

Tie sinh 2 pi _ sin2 pi

24
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cosh (31 sin (31 + cos (31. sinh 131(.J sinh2 .81 _sin 2(l )
Comparing the terms of Equations [A.151 and [A. 161 with the corresponding terms of

Equation [2) and the appropriate edge coefficients, Equations [7a], shows that the remaining

two lambda functions, besides those defined by [ A.131, are given by:

A[2(131)= -cash i31*sinh 81 +cos 81. sin0(3

sinh2 (31 _ sin 2 81

[A. 17]

A[6]((3l) -cosh,61l-sin 01 + sinh PI -cos.8l

sinh2 f31 - sin2 (31

Consequently, the set of functions defined by Equations [A.131 and [A.171 are exactly those

given as Equations [8) earlier in the report.
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APPENDIX B

DEVELOPMENT OF EDGE COEFFICIENTS AND EXPRESSIONS FOR THE
RADIAL AND TANGENTIAL STRESSES OF A CIRCULAR ANNULUS

With reference to Equation [5] and Figure 5, it has been assumed that the edge moments

MA, axial thrusts pA, and surface pressure p do not give rise to any radial displacements wA

in the plane of the circular annulus. Only the inplane forces.H 4 and H acting on the outer

and inner circular boundaries, respectively, of the annulus give rise to such deformations.

On Page 418 of Reference 6 the following expression is given, based on the Lame or

plane-strain solution for a thick-walled tube subjected to simultaneous internal pressure p,

and external pressure p0 :

r2 (- v)(p r2_poo2)+(1+)(p,-po) r 2 2

T(r) = [B.1]
PE(0 -

Where r, and ro are the radii to the inside and outside circular boundaries, respectively, of

the tube, and p, and po are the radial pressures acting on the inside and outside surfaces,

respectively, of the tube. The variable "r" is the radial distance from the axis of the tube

to a point in question through the thickness of the tube wall.

Adapting the solution, Equation [B.11, to the present problem of the circular annulus,

we see that

ro= Ri; ri = Ri

[B.21

HA HA
Po = + t ; p

Substituting [B.2] into [B.11 and adapting the sign convention of Figure 5 for positive radial

displacement, we obtain the following results:

- P t 2 - [B.31

To find the edge coefficients gA, Ag, and g appearing in Equation [51 and its counter-

part in which i-9j and j-i, it is only necessary to substitute the following successive four con-

ditions into the basic solution, Equation [B.31:
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Toget gA: set r=R; HA 0 ; HA =l [B. 41

g: r = R; H =1; JV = 0 [B. 51

g/: A/ -- 1; jjl/=o 0B. 61
A

g=R'; 1 A =0; H =1 [B. 73

Thus conditions [B.4], [B.5], [B.6], and [B.7] when substituted into Equation [B.3] lead to

the following equations, respectively:

gA + ____ _ i [B. 8]

A t ( k1.jR2 ) [Ti \1+

A= L [B. 91

A (I +v)R
2 R} L, (1-V) 

[ 0
A t(§i-} +? B~O

gA (1 +V)RR 2\ 1
EAt(- )  [B.111

With i-. , j-b2, and t=A 3, Equations [B.81, [B.91, [B.101, and [B.11] become exactly Equations

[10a), respectively.

For expressions [61 for the edge rotations of the annulus, symmetry and loading con-

ditions for a typical bay of the web-stiffened sandwich cylinder far removed from end effects

dictate that these rotations not only total zero but each and every component is zero. The

more general case shown in Figure 5 and reflected by Equations [6] will be considered in a

separate report.

Equations [181 and [191 for the radial and tangential stresses, respectively, in the cir-

cular annulus are derived next by following the solution given on Pages 415 to 418 of

Reference 6. The plane-strain theory applied to the axisymmetric elastic deflections of a

thick-walled tube results in the following differential equation:

d2u I du u
+ -0 [B.121

dr2  rdr ,2
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where u is the radial displacement at a point in the wall of the tube at a radial distance ""

away from the axis of the tube. The solution of Equation [B.12] is given by:

B
u(r) = Ar + [B.13]

The integration constants "A" and "B" are determined from the following deflection boundary

conditions:

at r=R.: R Uf- W

[B.14]

Substituting the conditions [B.141 into the solution [B.13] gives:

[B.15]

i 2

In Reference 6 the radial and tangential stresses, respectively, as a function of the
distance "r," are as follows:

Or = A+ V [B.16]

(I -) dp J

EA r du~a, -= + V [B . 171
(1 - 2 ) L dr[

Substituting the deflection u (P) and its first derivative from Equation [B.13] into

Equations [B.16] and [B.171 yields: dr

Or E[ [B.18]

S) (1) rB.19]
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Note

or + a t = 2EA A constant [B.20]Gi - V)

which is a consequence of the plane-strain assumption, i.e.,

z = - (ar + = constant [B.211

Equation [B.211 results by putting the axial stress aZ equal to zero in the three-dimensional

Hooke's law.

The maximum radial stress a,. occurs on the outer boundary of the annulus, i.e., atmax

r = R,, whereas the maximum tangential stress a, occurs on the inner boundary, i.e., at

F = R.. This together with i-*1 and j-.2 results in Equations [181 and [191.
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APPENDIX C

DEVELOPMENT OF EXPRESSIONS FOR THE SHELL STRESSES,
EQUATIONS [11 THROUGH [141

In Reference 7 Salerno and Pules developed a theory for the axisyrnmetric elastic

deformations and stresses in a.ring-stiffened, perfectly circular cylindrical shell subjected to

uniform external hydrostatic pressure. Equations developed by these authors for the critical
shell stresses arereviewed here and adapted to the present problem of the two coaxial cyl-
inder elements comprising the web-stiffened sandwich cylinder structure; see Figure 1.

From symmetry considerations (Figure 4), the general solution for the bending defor-

mations, i.e., Equation [A.31, simplifies to:

Wb(Z) = C 1 cosfBx. cosh Oz + C4 sin Ox. sinh/6z [C.11

The particular integrals to the differential Equation [A.11, which constitute the membrane
deformations and which must be added to the bending component [C.1] to get the total deflec-
tion, are given by Equations [16] for the outside and inside cylindrical shells, respectively.

The loading condition to which Equations [161 apply is shown in Figure 1. The total deflec-
tion can thus be written in the following form to apply to both cylinders:

)_ Wb(X) + 1 P = C cosBz.cosh/gz + C4 sinoxsinh/3z + wP [C.21

The first derivative or slope expression is then given by:

dw (x)
dx = (Cl+C 4 ) cosSz.sinh o- (C 1-C 4))sinfr-.cosh,6x [C.31

The integration constants C 1 and C4 are determined from the following deformation

boundary conditions:

I dw.
at z=- w = to,!; T 0 =0 [C.4]

2 de

When the conditions [C.41 are substituted into Equations [C.21 and [C.3], the constants C1

and C4 are found to be:
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s sinh - +sin - cos A[6 ] (!

C1 + (WS WP) cosh sinh L' +sin 01cosh A[6 21!
C 2 2 2 2

[C. 51

os sinh - - sin cosh A1 1

C4 ~w~Pt 2 2 2 22cosh - sinh 9- +sin - .cos - A[ 2]
2 2 2 2)'(

where the lambda functions A[2I, A1s ] , and A[6 1 are defined by Equations [8].

The principal stresses in the longitudinal and circumferential directions of the shell

elements are given by the following expressions, respectively:

P
X  I-" - + rxb [C.6]

Aw P
a)=-- - t, - + vab [C. 71

where the first term in Equation [C.61 and the first two terms in Equation [C.71 are the

corresponding membrane stress components and the remaining terms are the bending components.

In terms of the shell curvatures, the stress expressions [C.6] and [C.7] become (see, for

example, Reference 7):

P + Eh d 2 W()a x ( d) - - [C.8]

A 2 (1 - v2) dT2

uW(z) P vEh d2 w(z)
a__ (z) E - -v +[C.9]

R A 2(1 _ ,2) d.T2

Substituting the deflection w(z) and the second derivative of w(z) from Equation [C.21 into

the above, gives the following equations:
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P +Eh32
a- ()= + [-C 1 sin 8 x.sinh f8 x+ C4 cos z- cosh ] [C. 10]

h (1-,,2 )

E C CI vhB 2

E wP-v-- +E + C4] cosBx.coshflz+oR()= h g (_V2)

[C.11]
C4 VhB 2

-E - + (1 0) sinx - sinh 6x-E R (l_,,2) 1

Once the constants C 1 and C4 as given by Equations [C.51 are substituted into

Equations [C.10] and [C.11], the distributions of total longitudinal and total circumferential

stress between adjacent supporting elements, imposing the restraint conditions defined by

[C.4] on the shell "edges," can then be determined.

Of particular interest are the critical stresses that occur at a point between adjacent

supporting elements. i.e., at z = 0, and immediately at a supporting element, i.e., at

x = + I ; see Figure 4. These critical stresses are found from Equatioais [C.10] and [C.111
2

to be:

AT MIDBAY (x- 0):

P EAp 2

aXm P + C1 2  0 4  [C.121
h 

(v
2 )

~ ~~ I + c][C. 131

AT A SUPPORT (z - ):

aEA 2  I-C sin *sinh + C4+CC cosh- [C. 140 Xf" A (l,,2) 2 2 2
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£P ri C _ vhfl2  1 13+ /31
wp-v- + Cos .cosh- +

= R (1-v 2) - 2 2

[C. 151

C4 __ + &,,2 /31 ) 31
- E C1  sin - sinh-R (1-v 2 ) 2 2

The substitution of Equations [C.5] for the constants C1 and C4 into Equations [C.121

through [C.151, and the introduction of the lambda functions defined by Equations [81 into the

resulting expressions lead to Equations [11] through [141, respectively, for the critical shell

stresses. 1
The total deflections at midbay, i.e., x = 0, and at a web stiffener, i.e., x = - , can

2
be found by using Equations [C.2] and [C.51. These are, respectively:

w(0) =(W -(-w") + WP [C.161
A [2] (ja)

tO -L - o- •*cosh ---

[C. 171

+ A5 1 (-)sin - .sinh- ] + Wi
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APPENDIX D

DETERMINATION OF AXIAL-PRESSURE LOAD DISTRIBUTION
TO THE TWO COAXIAL CYLINDERS

With reference to Figure 8, if it is assumed that the web elements do not resist any

axial load, then force equilibrium in the longitudinal direction requires that

P,,P

P2 2 Figure 8 - Distribution of Axial-Pressure
h2 RLoad to the Two Cylindrical Shells

R, -P

R2

PR? [D.1]

P, R, + P2 R2 =. 2 [D1

where the axial stress forces P and P2 in the outer and inner cylindrical shells, respectively,
arc the unknown quantities to be determined. To find explicit expressions for P and P2

another relationship between these quantities, the applied pressure p, and the geometry of

the shells is needed.

If it is assumed that both cylindrical shells displace the same amount longitudinally,

i.e.,

ut = u2  [D.21

then the integral of the longitudinal midthickness strains over a stiffener spacing for each of

the two cylindrical shells must be equal. Therefore,

1/2 dx=f1/2

f (cjim) dz f/ (d d [D.3]

Equation [D.31 is a consequence of the strain-displacement relation

d3
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Introducing the two-dimensional Hooke's law,

1

(D.51
1

S=E (a, - Vax)

into Equation [D.31, we obtain

1/2 1/" , ul d /2 [- / ) , - l E ,a D .6 ]
[(1 _V

2
)a.M-vEs eOM) 1 dz f 1/(2 V2 )a,,Af-vEs ,M]dx

0 0

Since the longitudinal membrane stress and the circumferential membrane strain in each of

the two shells are given, respectively, by:

P [D.7]0zM =-h

Wh -[D.81

R

then Equation [D.6] becomes:

v1/2 F(1_V2 )p () 1/2 F(-2)I

j I V 1 d 
d [D.91

0 L 1 R1 1J L E ,h2  l?2j

Substituting the deflection function [C.21 together with the appropriate expressions

for the membrane deflections wti for each of the two shells from Equations [16] into Equation

(D.91, carrying out the indicated integrations, and finally introducing Equations [24], [22j,

and [211 into the resulting expression, we obtain
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22

"") All

2 
.I .+ - A I/

h I 1 A[[21
\ 2 2

P2 - 2  2

P2s  2 ( 2  'NEI] [D.10

- 2  2 (g[ g 2 )1 -

22

P- - g2 
[D.101

R 2 2 R22 (A 2
2

1 2 )

Pr, 1 -a t) . 2 (- 2a, - (g tAH. - ( H2.. t) a3

" , R, IR ,2 2 [D.11]
t-, R (1- 2aO=

R36
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where

All] All]' ([1212 ~2 I2 \2
a1  -- ;~- af~ 2~lL.

Oil A21 0 ) 62A [21 (02)
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